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Methoden moderner Rontgenphysik II:
Streuung und Abbildung

Small Angle Scattering, and Soft Matter
Introduction, Form Factor, Structure Factor, Applications, ...

Anomalous Diffraction
Introduction into Anomalous Scattering, ...

Introduction into Coherence

Concept, First Order Coherence, ...

Coherent Scattering

Spatial Coherence, Second Order Coherence, ...

Applications of Coherent Scattering
Imaging and Correlation Spectroscopy, ...

2 Methoden Moderner Réntgenphysik Il - Vorlesung im Haupt-/Masterstudiengang, Universitat Hamburg,
SoSe 2017, G. Gribel




The Concept of Coherence: Classical Light

First Order Coherence

Coherence and Emission Spectrum
Spatial Coherence

Second Order Coherence

Chaotic Light

Basic concepts: The quantum theory of light
Rodney Loudon, Oxford University Press (1990)
Quantum optics
Marlan O. Scully, M. Suhal Zubairy,
Cambridge University Press (1997)
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The Concept of Coherence

Consider harmonic fields E,, E, at positions r, r, at time:

E1
t+t
E— E1(t+’[} + Eg{t}

<I,>=<E,(E;(t) >, ne{l,2}
<I>=<EE">=<I];> +<L,> +2Re[KE;(t+1DE;(t) >] with <f> =lim5, <f>

T
< f>r=(2) [HfDdt
(T) —%
Here lim T->c0 means that T is finite but sufficiently large such that <f>; does not depend on T

Normalized pair correlation function: y,,(1)= <E,(tHDE, (?>

(<I,><1,>)2

1
= <I>=<[[> +<[,> +2(<I;, ><I, >)2 Re[yl2(7)]
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1
Y12(D) = [y12(0] cos(d12(0) = 1=<1; >+<1; > + 2(<1; ><I; >)2  |y12(D)] cos(Pp12(1))

Assume: ¢,,(t) changes much faster than |y, ()] (quasi-coherent light)

1
= <I>max/min =<I; >+<1, >+ 2(<1; ><1, >)2 |y1,(1)]

Interference visibility K :

1
<I> . —<I>_. (<1} ><1; >)2
K= = lY12(D)|
<I>  +<I> . <l >+<I;, >
<[ >=<L> =k = |7,(0)]

Definition: l72(D)] =1 for all T —  complete coherence
0 < |y(M)] <1 forsomet =  partial coherence
lv2(t)] = 0 for all =  Nno coherence
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SC

(1) _ <E(t+T)E*(t)>
g (1) = v

with g(0) =1 and gV (=) = g (1)

Normalized autocorrelation function:

Measurement of g(')(t) in a Michelson Interferometer

measurement of g{')(t) in a Michelson Interferometer

source -«+—p movable mirror {IT)min
adjusts path A
I[] I length difference |
I ax=ct WA~ 4 W 0
——————— I,/2
______________________ 0
detector measures
mean intensity (I(t)}
l(T) - {l(T)}_..
Interference contrast: k(1) = ) = (i
(100 e+ 10 i
Maximal coherence: Interference contrast maximal for all t WY
Partial coherence: Interference contrast decreases for large t - Wi
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The Michelson-Morley Experiment
by Albert Abraham Michelson: 1881 in Potsdam

| :,-“
¥ “
; % T, = 2L
=
gy 3 Viez-y2
c/ K
I

Lichtquelle P I :
: 7 ’
o"'f i i
" “| \\l I :
1
:!

v} 7 Ankunft der
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<Et+T)E*()>
g(l) (T) — ( JE* (1)

Normalized autocorrelation function: e

with g(0) = 1 and gV (—1) = gW*(7)

Example: successive wave trains of duration t, and length ct

E(t) = Ege!®t™®®  with ¢(t) (see figure)

0<t<t,:
N+1 (n+1)T1g

< lOED-6®) 5 = 1 z j dt ei@E+D-0®) "

N
TO n=0 nt, 0
N+1
{(TO — T) -|_ T e1(¢n+1 ¢n)}
Nro Z o)
( ) 1 1, = coherence time
i To—1 . ¢ 1,= coherence length
= gW(r) =el®t——= x 0 if 1<t 0 i
’CO . 0 T T T T T - ﬂTU
x 1 if 0<t<r, 12 3 45
. A A N
Note: t5: coherence time; & = —-= = c1y:longitudinal coherence length
— 2 AA .
WY ~
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Coherence and Emission Spectrum

Consider single wave train of duration t,, phase ¢,, frequency oy:

tTo/2 ty+ry/2 X 0 otherwise

00 . ((A) — (A)O)TO
__ b ot _ |2 Sm( : ) ~idbo
E(w) = N/E_L dt E(t) e —\/; (&= 00 oc

N wave trains with the same frequency o, but arbitrary phases ¢,:

! E()P N o sin? ((w —é»o)rn>
OISR EnZl T

Emission bandwidth Av==with t==YN_ 1,
T N

Wy g+ 21/t
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Example: Collision Broadened Light Source
Molecules of a gas radiate light E(t) = Ey e~ (@0t ~®(©) 5t frequency ®,. Collisions
yield random phase jumps, i.e., phase ¢(t) € [0, 2x] fluctuates.

Probability for a free flight of duration t € [t,t + dt]: P(t) = % exp (t/ty)
kinetic gas theory (1, means duration of free flight)

Coherence function: g(')(t) = ei®oT < g i(0(t+7) - 6(1) >

e 1(o(t+7) - o(t)) =1 for free flights with duration >t
= e with ye [0, 2x] random for free flights with
duration <t

i.e., only flights of duration t > 1 yield contribution to < e (¢(t*7) - o(t)) >:

1 . .
= g (1) = el 7 P(s)ds = el@Texp (-t/1p)
1
= 12| = exp (1/10) F(w)
1 1
= F(w) = —7—7 Wiener-Khinchin Theorem 2%~ |
| = o 0- - =
Wy %
0@
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Wiener Khinchin Theorem

1 |
B(0) = FIED] = —— ] dt E(t) eiot

E()]?
N O] . |
f_ dtlE(Q))|2 normalized spectral density
— 1 (1) :
= Flo) = \/T—RT [gV], F = Fourier-Transform

Wiener Khinchin Theorem

The spectral power density F(w) is the Fourier transform of the
normalized autocorrelation function g( (1)
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Example: Monochromatic Light

F(o) lg™
_ —i(wot— g\ ()|
E(t) = e (@ot=9) .
- 1

g(l) (’C) — pl®oT

1 —
|g( )(T)l =1 »o 0

By
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Spatial Coherence

irapnw
. E; = Ea; + Epg Exrp = Epe
e P E; = Eaz + Ep Egn = Epe ¢

<E (t+1DE5(t) >= < Ep1(t+ 1)Ep, (t) >+< Eg;(t + T)Eg, (1) >
+< Ep1(t+ DER, (1) >+< Eg (t + T)Ep, (B) >

Light Source: mutually incoherent <I, >=<Ej(0DE;(t) >= < Epp(DE, (1) >+< Eg,(DER, (D) >
point sources g{')(t) = exp(iwt- t/ty) +< Epn(DER, () >+< Eg,(DER, (D) >

=< Il >=< 12 >

(ra; — raz)

C
(rg; — Ipz)

[l(l"A1 I“Az)w]
< Ep1(t+ T)EL, (1) > =< Ep(t+ DEA() > e c =< Ep(t+ 14)EA(t) > withty =T+

[I(FB1 FBz)w]
< Egi(t+ 1)Eg,(t) > =< Eg(t + T)Eg(t) > e c =< Eg(t + 1g)Eg(t) > withtg =t +

C

= < E,(t+ DEL() > =< Eo(t + TA)E () > + < Eg(t + t)E5(0) >

yip() = S DBO 2 Lo, 4 g0 (] = 2[5 4 ]
(<} ><1,>)2

4ly12,(OI* = |g(1)(TA)| + |g(1)(TB)| +2|g® (ta)||g® (t8)|cos(w(ta — t8)) interference
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4|Y12(r)|2

Light Source: mutually incoherent
point sources gl'(t) = exp(imwt- t/t,)
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5| + [gP | + 2lg® )] [g® ()] cos((t, — )

I'B1—TIB2
C C

__Ta1—Ta2

Interference term depends on 1, — T -

symmetric: ry, TIp,

2r

TA_

2r

=

ry =r + gy ET +

First minimum of |y,,(t)|? :

12

o(Tp-Tg) =7, S=r0 = d %

transverse coherence length

Michelson stellar interferometer: adjustable slits, extension
of slit separation by mirrors

Measurement of angular diameter of stars, angular
separation of double stars, etc.
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