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Methoden moderner Rontgenphysik II:
Streuung und Abbildung

Part I:
Basics of X-ray Physics
by Gerhard Grlibel (GG)

Introduction _
Overview, Introduction to X-ray Scattering

X-ray Scattering Primer
Elements of X-ray Scattering

Sources of X-rays, Synchrotron Radiation
Laboratory Sources, Accelerator Bases Sources

Reflection and Refraction from Interfaces
Snell's Law, Fresnel Equations

Kinematical Diffraction (1)
Diffraction from an Atom, a Molecule, from Liquids, Glasses, ...

Kinematical Diffraction (I1)
Diffraction from a Crystal, Reciprocal Lattice, Structure Factor, ...
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Methoden moderner Rontgenphysik II:
Streuung und Abbildung

Small Angle Scattering, and Soft Matter _
Introduction, Form Factor, Structure Factor, Applications, ...
Anomalous Diffraction

Introduction into Anomalous Scattering, ...

Introduction into Coherence
Concept, First Order Coherence, ...

Coherent Scattering
Spatial Coherence, Second Order Coherence, ...

Applications of Coherent Scattering
Imaging and Correlation Spectroscopy, ...
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Small Angle X-ray Scattering (SAXS)

Kinematical scattering equation for particles in suspension

>
AQ = | eendr | ;
n - Vp ; %
| B
= 1(Q) = Nf(Q)? + f(Q)?, ,,2,,,, 2 €' ~Tm) g
2D Detector
: — iQr
with f(Q) f Vp Q(r)e de Monochromatic :
X-ray beam ¢ Isotropic sample
azimuthal average
Two contributions:
- Particle size & shape (diluted suspensions) g
- Interparicle interactions (concentrated suspensions) g [\ [\
. Wawv Al
» o(r): electron density; for homogenous o(r): p, AR
» Particles in suspension: contrast Ap = (psl,p — Psio)
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SAXS (Form Factor) (diluted suspensions)

The form factor of isolated particles

2 .
Isaxs(Q) = (psI,p — psI,O) jv e‘Qrde

Where py,, Psio are the scattering Ieﬂgth densities of the particle (p) and solvent (0) and V,, is the volume of
the particle.
Using the particle form factor 1 i
gthep F(Q) = V_j e‘Qrde
p /vy
one finds  I5,,s(Q) = Apzvzp IF(Q)|? with Ap = psip — Psio

The form factor depends on the morphology (size and shape of the particles) and can be evaluated
analytically only in a few cases:

For a sphere with radius R one finds:

R2m 1 R
F(Q) = V—p!! !-e Q r?sin® dodddr = v, ! 41T—Qr r2dr
_ ,5in(QR) ~ Qrcos(QR) _ 11 (QR)

(QR)3 T QR

with j,(x) : spherical Bessel function of the first kind.

For Q->0: |F(0)| =1 and Isaxs(0) = = Ap? V2,
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Experimental Set-up (SAXS)

Consider objects (nano-structures) of sub-um size

sing = (Q/2) / k = (Qeh)/ 41T nanopatticles

tan (26) =d /L
"
k 26
% ] ;
— :

Q~Eg=2md._ .. = 21T/ 628A = 0.01 A
8= sin! (QeA/4mm) = sin? (0.01A7#1A f4m) ~ 0.0456 deg
d=Letan (26) =2 m* 1.58"10F = 3.183 mm screen

2-D detector
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Form Factor for Monodisperse Spheres

Monodisperse spheres of radius 10 nm and 20 nm

IF(Q)[?

Do o5 Ol 015 02
=]
Q [A
= Form factor yields information on the particle size
,
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Form Factor for Monodisperse Spheres

F(Q)
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The Small Q Limit: Guinier Regime

For QR — 0:

- -2
e

Thus:

Lyus(Q) ~ Ap? V2, [1 i (Ql‘;)T e, 1 -

Thus the QR - 0 limit can be used to determine the particle radius R via:

2 y2 @07 —x
Isaxs(Q) = Ap” Vo7 s QR <<1 [e™ = 1-%]

Thus:  plotting In[lsays(Q)] vs. Q? reveals aslope OR?/5 = R
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The Large Q Limit: Porod Regime

For QR >> 1: wavelength small compared to particle size

sin(QR) cos(QR) N
(QR)*  (QR)? |~

cos(QR)
- (QR)?

F(Q =3

When QR >> 1 cos?(x) oscillates towards %2 and

QR 9Ap? V3
2 VZ <cos >
Isaxs(Q) = 94p = 2(Qr)*
(QR)4
Thus: -
: SAXS(Q) 9
Guinier Analysis, QR <1 Porod Analysis, QR >1
0 10 g
\ ——100A ; e 100%
— o _ — PR
o:,;‘ 28 W\ = 200A. E?i 8 200A].
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Radius of Gyration

Radius of gyration: root mean square distance from the particle’s center

_ pr pSI,p (I‘)I‘Zde

fvp Psrp(MdV,

RG

For uniform spheres:

[ SAXS(Q)~ Ap? V5 o(-QR)?/3 (Guinier approximation)
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Form Factor and Particle Shape 1

F(Q = v fv e'¥dV,

P“Vp
IF(Q)I? RG Porod Exp
Sphere (d=3) (%)2 iR 2

- _ 2 J1(2QR) 1
d=2 _ ey z i}
Disc (d=2) QR)? (1 aR ) R 2

25i(QL) 4 sin?(QR/2) 1L 1

Rod (d=1)

QL (QL)?

with:

j1(x): spherical Bessel function
J,(x): Bessel function

Si(x) o/ sint/t dt

Pos it B Wi bl o
e e
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Polydispersity
Realistic ensembles of particles display a certain distribution of particle sizes that
shall be discribed by a distribution function D(R). Thus the scattering intensity may

be written as
IsAxs(Q) = APZI?)OD(R)VZp|F(Q)|2dR

with ,J*D(R)dR = 1. Afrequently used distribution function is the so-called
Schultz function, where z is a measure of the polydispersity:

Z+1 yA R
D(R) = [Z 1 ] _r (-+Dzgs)
| <R> I'z+1)

‘ »
]

(] S —_
10 + R <o =

= 005 '

10°F

Intensity [arb. units]
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Structure Factor (concentrated)

Interparticle interactions: Hard sphere structure factor:
V(r) = 0 forr>d
S(Q): structure factor V(r) = o forr<d

[saxs(Q) = Ap?VZ IF(QI?S(Q)

cr

1 .
S(Q) = N < ZNU elQR-R) > @

= jd3r el o g(1)
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SAXS Experiment

* measure I(Q) (diluted + concentrated)
« model F(Q)

« for spherical particles I(Q) = F*(Q) S(Q) "'
« get and model S(Q) :

Intensity [a.u]

Logscale [a.u.]

0 0.004 0.0018 0.012 0.016
QA
QR 2.1
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