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Methoden moderner Röntgenphysik II: 
Streuung und Abbildung 
Part I:
Basics of X-ray Physics
by Gerhard Grübel (GG)

Introduction
Overview, Introduction to X-ray Scattering

X-ray Scattering Primer
Elements of X-ray Scattering

Sources of X-rays, Synchrotron Radiation
Laboratory Sources, Accelerator Bases Sources 

Reflection and Refraction from Interfaces
Snell’s Law, Fresnel Equations

Kinematical Diffraction (I)
Diffraction from an Atom, a Molecule, from Liquids, Glasses, …

Kinematical Diffraction (II)
Diffraction from a Crystal, Reciprocal Lattice, Structure Factor, …
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Methoden moderner Röntgenphysik II: 
Streuung und Abbildung 
Small Angle Scattering, and Soft Matter
Introduction, Form Factor, Structure Factor, Applications, ...

Anomalous Diffraction
Introduction into Anomalous Scattering, ...

Introduction into Coherence
Concept, First Order Coherence, ... 

Coherent Scattering
Spatial Coherence, Second Order Coherence, ...

Applications of Coherent Scattering
Imaging and Correlation Spectroscopy, ...
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Resonant Scattering (phasing, magnetism,…)

Scattering length of an atom: െ	r૙	f	૙
	ሺۿሻ

f	૙ሺۿሻ

r૙

atomic form factor (Fourier transform of charge distribution)

Thomson scattering length of single electron

In order to include absorption effects (f ’’) atoms, a more 
elaborate model than the free electron gas is needed.

Electrons are bound to atoms

Forced oscillator model with      
resonant frequency ωs and  
damping constant Γ

Include dispersion corrections (f’, f’’):

fሺۿ,ωሻ 	ൌ 	f	૙	ሺۿሻ 	൅ 	f	’ሺωሻ	൅ 	i	f	’’ሺωሻ													 [in units of r૙]

[ Note: f’’	 ൌ 	 ୩
ସ஠୰૙

܉ ]
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Resonant Scattering
Classical model of 
an electron bound 
in an atom in E field 

۳ ,ܚ t ൌ	 eି୧ன୲	ොE଴ݔ
equation of motion 
of the electron

x	 ൅ 	Γ	x	 ൅ 	ωS	x	2.¨ ൌ െ
e	E଴
m eି୧ன୲

Γ = damping
ωS resonant

frequency

Solution: 0	eି୧ன୲ ଴ݔ ൌ െ
e	E଴
m

1
ω௦
ଶ െ ωଶ െ iωΓ (A)

Radiated field strength at 
distance R and time t  E୰ୟୢ R, t ൌ ୣ

ସ	கబୖ	ୡమ
x	ሺt െ ୖ

ୡ
)¨

(B)

acceleration at “earlier” time (t െ ୖ
ୡ
)
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Resonant Scattering
Inserting 	x	 t	–

R
c ൌ ωଶ	x଴	eି୧ன୲	e

୧ னୡ ୖ¨ using (A) into (B):

E୰ୟୢ R, t ൌ
ωଶ

ωୱ
ଶ െ ωଶ ൅ iωΓ

eଶ

4	ε଴R	cଶ
E଴	eି୧ன୲

e୧୩ୖ

R

or
E୰ୟୢሺR, tሻ

E୧୬
ൌ െr଴

ωଶ

ωୱ
ଶ െ ωଶ ൅ iωΓ

e୧୩ୖ

R

atomic scattering length fܛ (in units of – r0) for bound electron  (C)
note: fܛ		1	ሺω	 ൐൐ ωܛሻ

Total cross-section: σ܂	 ൌ
଼஠
ଷ

rܗ૛ (free electron)

σ܂	 ൌ
8π
3

ωସ

ωଶ െ ωୱ
ଶሻ ൅ ሺωΓ ଶ 	rܗ

૛

for Γ = 0 and ω << ωs: 							σ܂	 ൌ 	
଼஠
ଷ

rܗ૛	
ன
ன౩

૝ ∶	 “Rayleigh Scattering”
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Resonant Scattering

With:

f′ୱ ൌ
ωୱ
ଶሺωଶ െ ωୱ

ଶሻ
ωଶ െ ωୱ

ଶ ଶ ൅ ωΓ ଶ

f′′ୱ ൌ
ωୱ
ଶωΓ

ωଶ െ ωୱ
ଶ ଶ ൅ ωΓ ଶ

fୱ ൌ
ωଶ െ ωୱ

ଶ ൅ iωΓ൅ ωୱ
ଶ െ iωΓ

ሺωଶ െ ωୱమ ൅ iωΓሻ

		ൌ 1 ൅
ωୱ
ଶ െ iωΓ

ሺωଶ െ ωୱ
ଶ ൅ iωΓሻ

	ൎ 1 ൅
ωୱ
ଶ

ሺωଶ െ ωୱ
ଶ ൅ iωΓሻ

dispersion correction χ(ω)

x ω ൌ f′ୱ ൅ i	f′′ୱ ൌ
ωୱ
ଶ

ሺωଶ െ ωୱ
ଶ ൅ iωΓሻ
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Resonant Scattering
Note: since f	’’	 ൌ 	െ ୩

ସ஠
σ܉	ሺEሻ	(see J. A-N. & D. McM. p. 70) it follows that

the absorption cross-section for a single oscillator model is:

σୟ,ୱ ω ൌ 4	π	r଴	c	
ωௌ
ଶΓ

ωଶ െ ωௌ
ଶ ଶ ൅ ωΓ ଶ

This function has:
- sharp peak at ω	 ൌ 	ωS

- ΔωFWHM	ൎ 		Γ

Thus σa (E) may be written with help of a delta function:

ୟ,ୱ ଴ ୱ (D)
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Resonant Scattering
The experimentally observed absorption cross-section is NOT a single
line spectrum as suggested by (D).
There is a continuum of free states above an absorption edge that the
electron can be excited into. This implies a series of different ωs:
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Resonant Scattering
Absorption cross section for multiple harmonic oscillators:

σୟ ω ൌ 2	πଶr଴	c		 ∑ gሺୱ ωୱሻ δሺω	–ωୱሻ

where g(ωS) is the relative weight of each transition

The real part of the dispersion becomes:

f ᇱᇱ ω ൌ ∑ 	gሺୱ ωୱሻ	f ᇱୱሺω,ωୱሻ

Geben	Sie	hier	eine	Formel	ein.

(F)

(F) does not describe e.g. “white lines” or “EXAFS” oscillations
(see figure) in the absorption cross-section arising from the particular
environement of the resonantly scattering atom.
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Resonant Scattering
Measure absorption cross-section and use (E) to obtain f ’’:

f ᇱᇱ ω ൌ െ
ω

4	π	r଴	c
܉ሺωሻ

Use Kramers-Kronig relations to obtain f ’:

P stands for “principal value”  (see also comments J. A-N & D. McM p. 242)

f ᇱᇱ ω ൌ
1
π 	P	

න
f ᇱᇱ ωᇱ

ሺωᇱ െ ωሻ

ାஶ

ିஶ

	dωᇱ ൌ
2
π 	P

න
ωᇱf ᇱᇱ ωᇱ

ሺωᇱమ െ ωଶሻ

ାஶ

଴

dωᇱ

f ᇱᇱ ω ൌ െ	
1
π 	P	

න
f ᇱ ωᇱ

ωᇱ െ ω

ାஶ

ିஶ

	dωᇱ ൌ െ
2ω
π 	Pන

f ᇱ ωᇱ

ሺωᇱమ െ ωଶሻ

ାஶ

଴

dωᇱ
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Resonant Scattering

Friedel’s Law and Bijvoet Pairs

The Phase Problem in Crystallography

The MAD Method

(Resonant) Magnetic Scattering


