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c) The Exact Fresnel Formalism (Optical Treatment)

Born approximation diverges for gq—0 []

The reflected intensity cannot be larger than the incident intensity.
Multiple scattering for small angles have to be taken into account.

Starting point: Helmholtz equation
(remember: neutrons can be treated as waves)

V2E(r)+k.n’(r)E(r)=0

r . vector in space

E . electrical field for photons / wave function for neutrons
k,=21/A : modulus of the wave vector

n . refractive index for reflectivity : n(r) =n(2

Surface Sensitive X-ray Scattering /77
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Electron density (for x-rays) or scattering length density (neutrons)

translates to the refractive index :

N2 = 1-d2)+ 52

with the dispersion o and the absorption [.

X-rays:
2 + A
6(Z>:;_Hrep<z)f0(q2)zfm< ) ?2
7\2 fs(k) g
p(z)=2r,p() L2
r_: classical e radius p:e density 3
Z : number of e~ f,: formfactor
f_ +1f_: corrections to formfactor
Neutrons: §(z)= A
z)]==-Nl(z)b
(z)=2-N(z)

W
O

I
[aw]

(o]
O

(]
(@]

10

60 L L S
- 1,
g 118
- 13"
- dispersion .é
- 12
i 7 O
B . 0
I d 0
absorption 1 ©
O:"""""""""""""'_0
1.2 1.4 1.6 1.8 2.0 2.2 24 2.6
wavelength  [A]
B is usually negligible
N : particle density
b :scattering length

Iron K—edge at 1.7433A

Surface Sensitive X-ray Scattering 75



Mean value of the refractive index:

[] total external reflection o = 2 6

o C
[] critical angle a_

Fresnel reflection coefficient for a single smooth surface:

k. ,—k_, _ k_,=k ssino,,=k,sino,=q_/2
V2= with , 5 >
2
= -
- 51
K = -« £ M
nl 1 —kl IE' _2 __ : ooo ooz qnz.m [u'g.tn_]]um u_1o__
— ! — Born approximation |
= : — Fresnel reflectivity
o —4 | | .
O
o I
:criticul o 6, =5-107°
—B 1 | ] 1 l 1 ] ] 1 l 1 ] 1 1 | I I 1 1
0.0 0.1 0.3 0.4

0.2
a, [A7]

2 Surface Sensitive X-ray Scattering TRN



If a surface is rough, the Fresnel reflection coefficient can be modified.

The result depends on the exact probability function of the interface.

< E—> <— Z p,=0
. p(z)
Solids . Error-function profile [0 Gaussian probability function

Polymers :tanh-function profile [0 1/cosh? probability function
?l,zzrl,zexp(—Zkzlkz2 o’) Gaussian

_ sinh|[V3 0O (kzl_k22): 1/cosh?
v, = -
b2 sinh[vV3o(k,,+k_,)

% Surface Sensitive X-ray Scattering TRN
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Smooth layer systems (recursive formalism by Parratt)

f h . t rf . _kz,j_kz,j-l—l \/ 2 2
or eacn interrtace J . rj’j+1_k s kz,j:kO nj—cos Q,
z,J z,j+1
Fe film (400&) on Si, no roughness
Recursion: R N S o i N
i s—— 5 |
: : @ 1071 & — — |-
startingwith -~ X . =0 < [ }
(N:number of layers)| € | . -
end of recursion: > 10_2_}_1 7848 i
o A1 7444
= CA=1.724A .
X =1 |
1 - qZ 107*F Fe K-edge @ 1?433;3 | =
O.DO 005 010 ] 015 — lE}2E}I — lC}.25
a, [A77]
] ]+1+X]+16Xp(21kz j+1 Zj)
X]:exp( 21k, z J)
I+r; ]+1Xj+lexp(21kz,j+lzj)

Surface Sensitive X-ray Scattering /, / \":\J
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For rough layer systems the r._

.., can be replaced by the T

i+l

~

XJ:CXP( 21k X leXp(Zikz,szj)

Xj+1 eXp(Zikz,J.H Zj)

) ]]+1
20 %) 1+r.

j, j+1

However, this is only an approximation.

— 2) This layer can be
&4 described by a

standard thin film
polymer 1 model but the
Parratt formalism
may fail.

There is a way to get around this problem (see later).

Surface Sensitive X-ray Scattering

TRN



24

Multilayer systems

T

= N x

substrate

If all sub-units are identical:

One sub-unit with thickness d7

Amplitude in Born
approximation

A(q,)oc lzf dp(z)exp(iqZZ)dZ

dz

z

1 ol&dp,(z) |
Alg.) o —J(Zd exp(lqzzn))exp(quZ)dz
q. n=14z
vl g
oc %Z(f P.l2) exp(iqZZ)dZ)eXp(iqzzn)
qz n=1 dZ
1 [pdp,(z) v 1
* T(f - explig.z )Z plig.z,)=—F(q.)S(q.)
QZ N = QZ

Surface Sensitive X-ray Scattering

TRN
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Form factor

Flg.)=]

d
N
Structure factor S(q.)=> exp|(
n=1

Mexp(z’qzz)dz

y4

N
iq.2,)=2_ explig,-nd )oc
n=1

sin( Ng.d/2)
sin(q.d/2)

Form factor contains the information about the sub-unit
Structure factor contains the information about the repetition

Example Sy
DOCP °

1,2-Dioleoyl-sn-glycero-3-phosphocholine

TDM

Trehalose dimycolate

from tubercolosis bacteria

Gutsmann, Beerlink et al.

Reflectivity data from DOPC and DOPC/TDM mixtures

— pure DOPC
—— DOPC/TDM (1:1)

. . —
0,0 02 0,4 0,6 0.8 1.0 1,2
q,[A"]

Surface Sensitive X-ray Scattering TRA!
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Multilayer systems
(dynamical scattering)

Abeles or transfer matrix method (equivalent to Parratt)
A characteristic matrix for each layer with layer thickness d; exists

M = eXp(ikz,de) rj,j+leXp(ikz,jdj)
: rj,j-l—lexp(_ikz,jdj) eXp(—ikZ)jdj)
N
For a layer system m=]] M,
j=0 v P
The resulting reflectivity is I(q.)=|—>
M2,2

For large number of repetitions computing time can be much smaller
than for Parratt:

" Parratt : 3 x 8 = 24 iterations
X

€.g.. Abeles : Mlay= MD.MD.MD ’ Mz = I\/Ilay-lvllay

M,=MM_ , M =M M,
5 mU|t|p||C3t|0nS Surface Sensitive X-ray Scattering / '
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