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. Methoden moderner Röntgenphysik I:
Struktur und Dynamik kondensierter Materie
Hard X-Rays – Lecture 5
Gerhard Grübel (GG), Stephan Roth (SR), Alke Meents (AM),Oliver Seeck (OS),
Hermann Franz (HF)

19.10. Introduction (GG)

26.10. X-ray Scattering Primer, Sources of X-rays (GG)

2.11. Refraction and Reflexion, Kinematical Scattering (I) (GG)

9.11. Kinematical Scattering Theory (II) (GG)

18.11. Applications of KST and inelastic scattering (HF)

25.11. Small Angle and Anomalous Scattering (SR)

2.12. - 6. 1. Modern Crystallography (AM)

13. 1. - 3. 2. Surfaces and Interfaces (OS)
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.

Kinematical Diffraction
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. Kinematical Diffraction
One of the main applications of X-rays is 
the determination of structure(s) using dif-
fraction.

Assume the scattering to be weak; multiple 
scattering effects are to be neglected: weak 
scattering limit ≡ kinematical approximation.

Consider a 2 electron system:

α
z = rcosα;  k z = k rcosα = k • r

y = rcosß;  k’y = k’rcosß = k’• r

path- and phase difference:

Δs = z - y 

ΔΦ = kz - k’y = k•r – k’•r = Q•r

with

Q = 2k sin θ = (4π/λ)sinθ

scattering amplitude for 2 
electrons:

A(Q) = -r0 [1 + exp(iQr)]

I(Q) = A(Q) A(Q)* 

= 2r0
2 [1+cos(Qr)]

see Fig. 4.2

for many electrons:

A(Q) = -r0 ∑ exp(iQrj’)
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. Scattering from an atom:
scattering amplitude of an atom ≡ atomic      
form factor f0(Q)  [in units of r0]

ρ(r): electronic number density ≡ charge 
density

f0(Q) = ∫ρ(r) exp(iQr) dr

Z      Q 0
=

0      Q ∞

note: atomic form factor is FT of elec-
tronic charge distribution

f0(Q/4π) tabulated:

f0(Q/4π) = ∑j=1
4 aj exp –bj(Q/4π)2 + c

note:

f = f0(Q) + f’ + f’’

corrections f’ and f’’ arise from the 
fact that the electrons are bound in 
the atom

table 4.1: J. Als-Nielsen & D. McMorrow
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. Scattering from a molecule:
Fmol(Q) =∑ rj fj(Q) exp(iQrj)

example: CF4:
assume OA=OB=OC=OD=1; z=OO’=cos(u) =1/3

rj

Q

u

Qrj=Qrj cos(u)=(1/3)Qrj

Assume: Q || C-F bond

Fmol = f C(Q) + f F(Q) [exp(iQR) +3exp(iQrj)}
= f C(Q) + f F(Q) [ 3exp(-/+iQR/3) + exp(+/-iQR)]

CF4

-. - . - CF4 Q not || C-F

- - - - - molybdenum
(also 42 electrons)

(109.5deg)

(F-F bond)
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. Scattering from a crystal
A(Q) =  ∑ rj fj(Q) exp( i Qrj’ )

an extension to crystalline matter is 
simplified since there is translational 
symmetry.

crystalline matter: rj’ = Rn + rj

Rn

rj

A(Q) = ∑ Rn exp( i QRn ) ∑ rj fj(Q) exp( i Qrj ) 

lattice sum            unit cell structure factor

Crystallography:

determine electron density within 
unit cell

Note: one does measure
I(Q) = A(Q) A*(Q)
and is thus not sensitive to 
phase shifts
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. Further topics

Quasiperiodic lattices

Crystal truncation rods

Lattice vibrations, Debye-Waller factor, TDS

Resonant scattering

Lorentz factor

Diffraction from a fiber

2-D crystallography
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. Lattice vibrations, Debye-Waller factor, TDS (1)

Fcrystal(Q) =  ∑ n f(Q) exp( i Q•rn )

Elastic waves (phonons) excited at finite T. 

Effect of vibrations: rn = Rn + un

<un> = 0    < >:  thermal average

I =  <∑ n f(Q)exp[iQ(Rn+un) x
∑n f*(Q) exp[-iQ(Rn+un)>

= ∑ m ∑ n f(Q) f*(Q)exp[iQ(Rm-Rn) x 
<exp[iQ(um-un)>

for um || Q : uQm

<exp[iQ(um-un)]> = <exp[iQ(uQm-uQn)]>

displacement
time averaged position

Gaussian distribution of 
displacements:

< e[ ix] > = exp [-1/2<x2>] 

<exp[iQ(uQm-uQn)]> = 

exp[-1/2 <Q2(uQm-uQn)2>]

= exp [-1/2 Q2 <(uQm-uQn)2>]

= exp[-1/2Q2<u2
Qm>]x

exp[-1/2 Q2<u2
Qn>]x

exp[Q2<uQmuQn>]
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. Lattice vibrations, Debye-Waller factor, TDS (2)

exp[Q2<uQmuQn>] = 1 + {exp[Q2<uQmuQn>] -1}

I = ∑ m ∑ n f(Q) exp[-1/2Q2<u2
Qm> exp[iQRm] f*(Q)exp[-1/2Q2<u2

Qn> exp[iQRn] +

∑ m ∑ n f(Q)exp[iQRm] f*(Q) exp[-iQRn] {exp[Q2<uQmuQn> -1}

increasing with displacements: <uQmuQn> and Q²

“Thermal Diffuse Scattering” (TDS)

f atom =  f(Q) exp [-1/2 Q2 <u2>]  =  f(Q) exp [-M]

with exp [-M] : Debye-Waller factor



Methoden moderner Roentgenphysik I - Vorlesung im Haupt/Masterstudiengang Physik, Universitaet Hamburg, WS 2010/11  G. Gruebel11

. Thermal Diffuse Scattering (TDS)



Methoden moderner Roentgenphysik I - Vorlesung im Haupt/Masterstudiengang Physik, Universitaet Hamburg, WS 2010/11 G. Gruebel12

Debye-Waller factor
unit cell structure factor including the DWf

F unit cell = ∑ j fj(Q) exp [-Mj] exp [iQ•rj]

Mj = 1/2Q2<u2
j> = 1/2 (4π/λ)2sin2θ <u2

j> 

= Bj
T (sinθ/λ)2

with  Bj
T = 8π2<u2

j>

for isotropic vibrations:

<u2> = <u2
x+u2

y+u2
z> = 3 <u2

C>

B T, isotropic = 8π2/3 <u2>

.

within the Debye-model:

BT = 6h2/mAkBΘ {[Φ(Θ/T) / Θ/T] -1/4}

with Φ(x) (1/x) ∫ ξ / (exp[ξ]-1) dξ

Θ: Debye temperature

mA: atomic mass

BT[Å2] = {11492T[K]/AΘ2[K2]} Φ(Θ,T)

+ 2873 / AΘ[K]
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Debye-Waller factor

.

BT[Å2] = {11492T[K]/AΘ2[K2]} Φ(Θ,T)
+ 2873 / AΘ[K]



• Harmonic forces (springs) bind atoms in a crystal

• Interaction only between nearest neighbors

• “infinite” extension of the lattice (periodic boundary conditions)

Solution of the equation of motion in form of 
plane waves (Bloch states)

Phonon - model
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Solution
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Simple model, harmonic, one atom in a unit cell, 1-dim

sound velocity
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Simple realistic examples

α-Fe dispersion relation
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Inelastic scattering – Doppler Effect

Timing considerations:

Interaction time between wave-packet and crystal:

Δt = 1/ν * (ΔE/E)-1 ~  10-18s *105 = 100 fs

F(Q) =  ∑n f(Q) exp(iQ•rn(t)-iωt)

=  ∑n f(Q) exp(iQ•(rn°+vt)-iωt)

=  ∑n f(Q) exp(iQ•rn°-i(ω−Qv)t)

Doppler shift
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Resonant Scattering (phasing, magnetism,..)

Scattering length of an atom: - r0 f 0 (Q)

f 0(Q) atomic form factor (fourier transform of charge distribution)

thomson scattering length of single electronr0

in order to include absorption effects (f ’’) of atoms a more 
elaborate model than the free electron gas is needed.

Electrons are bound to atoms

Forced oscillator modell with      
resonant frequency ωs and  
damping constant Γ

include dispersion corrections (f’, f’’): [note: f’’ = (k/4πr0) σa]

f(Q, ω) = f 0 (Q) + f ’(ω) + i f ’’(ω)             [in units of r0]
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Resonant Scattering
classical model of 
an electron bound 
in an atom in E field 

E(r,t) = x Eo exp{-iωt}^

(       )e E0

m= - exp{-iωt}

equation of motion 
of the electron

Γ = damping
ωS resonant

frequency

x (t) = x0 exp{-iωt}Solution: x0 = - (       )e E0

m

x + Γ x + ωS x ¨ . 2

(ωS – ω – iωΓ)
2 2

1

radiated field strength at 
distance R and time t  Erad(R,t)

4 ε0 R c 
2

e(            )= x (t – R/c)¨

(A)

(B)

acceleration at “earlier” time (t-R/c)
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Resonant scattering

ω x0 exp{-iωt} exp{i(ω/c)R}          using (A) into (B):
2

=x (t – R/c)¨inserting

Erad (R,t)
(ωS – ω – iωΓ)

2 2
ω

2

4 ε0 m c 
2

e(            )
2

Eo exp{-iωt} (         )exp{ikR}
R

=

Ein

Erad(R,t)
= - r0

(ωS – ω + iωΓ)
2 2

ω
2

(          )exp{ikR}
R

atomic scattering length fs (in units of –r0) for bound electron  (C)
note: fs 1 (ω >>ωs)

total cross-section: σT = 8π/3 ro
2  (free electron)

3
σT = (     )8π r0

2

(ω – ωS) +(ωΓ)
2 2

ω
4

2

or

for Γ = 0 and ω << ωs: σT = (8π/3)ro
2 (ω / ωS)4 : “Rayleigh Scattering”
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Resonant scattering

(ω – ωS + iωΓ)
2 2

ω – ωS + iωΓ + ωS - iωΓ

(ω – ωS + iωΓ)
2 2

ωS

(ω – ωS + iωΓ)
2 2
ωS - iωΓ

2 2 2

2

2

fS =

= 1 +

≈ 1 + 

dispersion correction χ(ω)

χ(ω) = f ’ S + i f ’’S
(ω – ωS + iωΓ)

2 2
ωS

2

=

(ω – ωS) +(ωΓ)
2 2
ωS (ω – ωS)

2

2

2 2

f ’s

f ’’S =

=

(ω – ωS) +(ωΓ)
2 2

ωS ω Γ
2

2

2

2

with:

(Γ = 0.1 ωs)
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Resonant scattering
Note: since f ’’ = -(k/4π) σa (E) (see J. A-N. & D. McM. p. 70) it follows that
the absorption cross-section for a single oscillator model is:

(ω – ωS) +(ωΓ)
2 2

ωS Γ
2

2

24 π r0 cσa,s(ω) =

4 π r0 cσa,s(ω) =
2
π δ(ω – ωS)

this function has:
- sharp peak at ω = ωS

- ΔωFWHM ≈ Γ

thus σa (E) may be written with help of a delta function:

(D)
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Resonant scattering
The experimentally observed absorption cross-section is NOT a single
line spectrum as suggested by (D).
There is a continuum of free states above an absorption edge that the
electron can be excited into. This implies a series of different ωs:
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Resonant scattering

Absorption cross section for multiple harmonic oscillators:

2 π r0 cσa(ω) = g(ωS) δ(ω – ωS)
2 Σ

S

where g(ωS) is the relative weight of each transition

f ’(ω) = g(ωS) f ’S (ω,ωS) (F)Σ
S

‘

The real part of the dispersion becomes:

(F) does not describe e.g. “white lines” or “EXAFS” oscillations
(see figure) in the absorption cross section arising from the particular
environement of the resonantly scattering atom.
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Resonant scattering 

use Kramers-Kronig relations to obtain f ’:

f (ω) = 4 π r0 c
ω σa(ω)“ - (         )

(ω – ω) ‘
f (ω)‘

π
1 P f (ω)“ ‘= dω‘

+

-

=
(ω – ω) ‘π

2 P ω f (ω)“ ‘
dω‘

+

0

‘
2 2

(ω – ω) ‘
f (ω)“

π
1 P f (ω)‘ ‘= dω‘

+

-

=
(ω – ω) ‘π

2ω P f (ω)‘‘
dω‘

+

0

2 2
- -

P stands for “principal value” (see also comments J. A-N & D. McM p. 242)

measure absorption cross-section and use (E) to obtain f ’’:


