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Hard X-Rays – Lecture 3
Gerhard Grübel

 
(GG), Stephan Roth (SR), Alke

 
Meents

 
(AM),Oliver

 
Seeck

 
(OS)

19.10.
 

Introduction (GG)

26.10.
 

X-ray Scattering Primer, Sources of X-rays (GG)

2.11.
 

Refraction and Reflexion, Kinematical Scattering (I) (GG)

9.11.
 

Kinematical Scattering Theory (II)
 

(GG)

18.11.
 

Applications of KST and “perfect”
 

crystals
 

(SR)

25.11.
 

Small Angle and Anomalous Scattering
 

(SR)

2.12. -
 

6. 1. Modern Crystallography
 

(AM)

13. 1. -
 

3. 2. Surfaces and Interfaces
 

(OS)
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. Coherence of light and matter I:
from basic concepts to modern applications
Introduction into X-ray physics: 19.10.-25.11.

Introduction
Overview, Introduction to X-ray scattering

X-ray Scattering Primer and
 

Sources of X-rays
Elements of X-ray scattering, sources of X-rays 

Reflection and Refraction, Kinematical Diffraction (I)
Snell’s law, Fresnel

 
equations, diffraction from an atom, molecule, crystal,…

Kinematical Diffraction (II)
Reciprocal lattice, structure factor,..

Applications of Kinematical Diffraction and “perfect”
 

crystals
Quasiperiodic

 
lattices, crystal truncation rods, lattice vibrations, Debye-Waller 

factor, “perfect”
 

cystal
 

theory

SAXS, Anomalous Diffraction
Introduction into small angle scattering and anomalous scattering
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.
Refraction and Reflexion

 
from Interfaces
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. Refraction and Reflexion
 

from Interfaces
Rays of light propagating in air change 
direction when entering glass, water or 
another transparent material.

Governed by Snell’s law:

cosα
 

/ cosα’
 

= n (refractive index)

n = n() 1.2 < n < 2 visible light

n < 1 X-rays  (α’ < α)

n = 1-δ δ10-5

total external reflexion:

for α
 

< αc

 

(critical angle)

Note:

 

spherical wave exp(ik’r)

k’

 

= nk

 

=(n/c)

 

= /v

with v=c/n

 

phase velocity

(v>c for n<1; but group velocity d/dk

 



 

c)
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. Refractive Index
Refractive picture:

Consider plane wave impinging on a slab 
with thickness Δ

 
and refractive index n. 

Evaluate amplitude at observation point P 
(compared to the situation without slab).

no slab:  exp(ikΔ)

slab:
 

exp(inkΔ)
phase difference: 
exp(i(nk-k)Δ)

amplitude: 

ψtot
P

 

/ Ψ0
P

 

= exp(inkΔ) / exp(ikΔ)

= exp(i(nk-k)Δ)

exp(iα) = cosα

 

+ isinα

 

1+iα

ψtot
P

 


 
ψo

P
 

[1 + i (n-1) kΔ]    ($)
α

 

small

Phase difference
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. Refractive Index Scattering picture:

R=sqrt(Ro2+x2) = sqrt[Ro2(1+x2/Ro2)]

Ro sqrt[1+x2/Ro2

 

+x4/4Ro4]

=Ro sqrt{[1+x2/2Ro2]2} = Ro[1 + x2/2Ro2]

phase difference (2kR) btw. direct rays and rays 
following path R;

2kx2/2Ro = kx2/Ro

include y direction:

exp(i
 

Φ(x,y)) =exp(i(x2+y2)k/Ro

amplitude at P:

dψS
P

 



exp(ikRo)/Ro) (ρΔdxdy) (bexp(ikRo)/Ro) exp(iΦ(x,y))

incident         number of scatters        scattered wave 
wave

 

in volume element        from 1 scatterer

 ρdxdy

phase factor
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. Refractive Index

ΨS
P

 

= dΨS
P

 

= -ρb{exp(i2kRo)}/Ro2

 

•
 exp(iΦ(x,y)dxdy

 
[1]

Amplitude at P without slab:

Ψo
P

 

= {exp(ik2Ro)}/2Ro   [2]

Ψtot
P

 

= [1]+[2]

 

= Ψo
P

 

[1 -
 

i2πρb/k ] 


 

($)
 


 

Ψo
P

 

[1 + i(n-1)k]

 n = 1 -
 

2πρb/k2
 

= 1 –
 

δ

k=2π/λ=4Å-1, b=ro=2.82x10-5Å, ρ=1e-/Å3: δ

 



 

10-5

iπRo/k
 

[Ref.1 ]

If a homogeneous electron density ρ
 

is 
replaced by a plate composed of atoms:

ρ
 

= ρa

 

f 0(0)
Number density  x atomic scattering factor

δ
 

= 2πρa
 

f0(0)r0
 

/k2

Total external reflexion
 

(α’=0) for α
 

= αc

 

:

cosα
 

= n cosα’

cosαc

 

= 1 –
 

δ
 

= 1 -
 

αc
2/2

αc

 

= sqrt(2δ) = sqrt
 

(4πρr0

 

/k2)

[Ref.1: Als-Nielsen&McMorrow p.66]
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. critical angle for Si

αc

 

= sqrt(2δ) = sqrt
 

(4πρr0

 

/k2)

Silicon:
 

ρ
 

= 0.699 e-/Å3, λ
 

= 1Å

αc

 

=sqrt(4π
 

x 0.699 x 2.82e-5 x 1/(2π)2)

= 0.0025 rad

Qc

 

= (4π/λ) sinαc

 

= 0.032 Å-1
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. Refraction including absorption

n = 1 –
 

δ
 

+ iß

wave propagating in a medium:

exp(inkz) = exp(i(1-δ)kz
 

exp(-ßkz)

attenuation of amplitude: exp (-μz/2)
(when intensity drops according to exp(-μz))

ß = μ/2k
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.
Snell’s law and the Fresnel

 
equations
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. Snell’s law and the Fresnel
 

equations

Require that the wave and its 
derivative is continuous at the 
interface:

aI

 

+ aR

 

= aT

 

(A)

aI

 

kI

 

+ aR

 

kR

 

= aT

 

kT

 

(B)

||:   aI

 

kcosα
 

+aR

 

kcosα
 

= aT

 

(nk)cosα’
 

(B’)

|:             -(aI

 

-aR

 

)ksinα
 

= -aT

 

(nk)sinα’
 

(B’’)

cosα
 

= n cosα’
 

(B’

 

+A)

α, α’

 

small:

 

(cosz=1-z2/2)

α2
 

= α’2
 

+2δ
 

-2iß
 = α’2

 
+ αc

2
 

-2iβ
 

(C)

aI
 

-aR
 

/aI
 

+aR
 

=n(sinα’/sinα) α’/α
 

(B’’+A)

Fresnel
 

equations:

r = aR
 

/aI
 

= (α
 

–
 

α’) / (α
 

+ α’)

t = aT
 

/aI
 

= 2α
 

/ (α
 

+ α’)
r: reflectivity   t: transmittivity

k=|kI

 

| =|kR

 

|

|kT

 

|= nk
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. Snell’s law and the Fresnel
 

equations (2)
Note:

 
α’

 
is a complex number

α’ = Re(α’) + i Im(α’)

Consider z-component of transmitted wave:

= aT

 

exp(iksinα’z) 
 

aT

 

exp(ikα’z)

= aT

 

exp(ikRe(α’)z)•
 

exp(-k Im(α’)z)

exponential damping

intensity fall-off: exp(-2k Im(α’) z))

1/e penetration depth Λ:
 

z 2k Im(α’) = 1   (z= Λ)

Λ
 

= 1 / 2k Im(α’)

use wavevector
 

notation:

sinα
 

= (Q/2)/k

Q  
 

2ksinα
 



 
2kα

Qc

 



 
2ksinαc

 

2kαc

use dimensionless units:

q  
 

Q/Qc  
 

(2k/Qc

 

)α
 q’

 


 
Q’/Qc 

 
(2k/Qc

 

)α’

q2
 

= q’2
 

+1 -2 ibu

 

(D)

bu

 

=(2k/Qc

 

)ß
 

=(4k2/Qc
2)μ/2k = 2kμ/Qc

2

Qc

 

=2kαc

 

=2k sqrt(2δ)

Q
kα
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. Snell’s law and the Fresnel
 

equations (3)
use table to extract μ, ρ, f’

 
yielding Qc

and calculate bu

 

(bu

 

<<1):

bu

 

=2kμ/Qc
2

use (D):

 

q2

 

= q’2
 

+1 -2 ibu

get:

r(q)   =  (q–q’) / (q+q’)

t(q)   =       2q / (q+q’) 

Λ(q)  =    1 / Qc

 

Im(q’)
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. Snell’s law and the Fresnel
 

equations (4)

Fresnel
 

equations:

q>>1:
 

R(Q) ~ 1/q4,
 Λ

 


 
μ-1,

 T 
 

1,
 no phase shift

q<<1:
 

R 
 

1,
 Λ

 


 
1/qc

 

small, 
T very small, 
-π

 
phase shift

q=1:
 

T (q=1) 
 

4 aI
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. Examples
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.
Kinematical Diffraction
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. Kinematical Diffraction
One of the main applications of X-rays is 
the determination of structure(s) using dif-

 fraction.

Assume the scattering to be weak; multiple 
scattering effects are to be neglected: weak 
scattering limit 

 
kinematical approximation.

Consider a 2 electron system:

α
z = rcosα; k z = k rcosα

 
= k •

 
r

y = rcosß; k’y
 

= k’rcosß
 

= k’•
 

r

path-
 

or phase difference:

Φ
 

= z-y
 

= k•r
 

–
 

k’•r
 

= Q•r

with

Q = (4π/λ)sinθ

scattering amplitude for 2 
electrons:

A(Q) = -r0

 

[1 + exp(iQr)]

I(Q) = A(Q) A(Q)* 

= 2r0
2

 

[1+cos(Qr)]

see Fig. 4.2

for many electrons:

A(Q) = -r0

 

rj’

 

exp(iQrj’

 

)
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. Kinematical Diffraction

Two electron system:

I(Q)= 2r0
2

 

[1+cos(Qr)]

Q || r

orientational
 

average

“smeared”, no more “point-like”
 particles

k

r
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.for many systems, e.g. molecules the 
orientation of r

 
will be random wrt

 
k

o

o

k
r

f1

f2

Orientational
 

averaging:
 

assume one 
electron at r=0, a second at r 

A(Q) = f1 + f2
 

exp(iQr)

I(Q) = f12

 

+ f22

 

+f1
 

f2
 

exp(iQr) + f1
 

f2
 

exp(-iQr)

orientational
 

averaging: <exp(iQR)>=<exp(-iQr)>

<I(Q)> = f12

 

+ f22

 

+2f1
 

f2
 

<exp(iQr)>

<exp(iQr)> = 


 
exp(iQrcosθ) sinθ

 
dθdΦ


 

sinθ
 

dθdΦ 4π

exp(iQrcosθ) sinθ
 

dθdΦ

= 2π
 

exp(iQrcosθ) sinθ
 

dθ

= 2π
 

(-1/iQr) 
 

iQr

 

–iQr

 

exp(x) dx

= 4π
 

sin(Qr)/Qr

<I(Q)> = f12

 

+ f22

 

+ 4π
 

f1
 

f2
 

sin(Qr)/Qr

see figure 4.2 b

if the position of the electons

 

distributed or 
smeared: see Figure 4.2c
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. Scattering from an atom:
scattering amplitude of an atom 

 
atomic      

form factor f0
 

(Q)  [in units of r0

 

]

ρ(r): electronic number density 
 

charge 
density

f0
 

(Q) = ρ(r) exp(iQr) dr

Z      Q  0
 =

 0      Q  ∞

note: atomic form factor is FT of elec-
 tronic

 
charge distribution

f0
 

(Q/4π) tabulated:

f0
 

(Q/4π) = j=1
4

 

aj

 

exp –bj

 

(Q/4π)2

 

+ c

note:

f = f0
 

(Q) + f’
 

+ f’’

corrections f’
 

and f’’
 

arise from the 
fact that the electrons are bound in 
the atom

table 4.1:

 

J. Als-Nielsen & D. McMorrow
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. Scattering from a molecule:
Fmol(Q) =

 
rj

 

fj
 

(Q) exp(iQrj

 

)

example: CF4

 

:
 assume OA=OB=OC=OD=1; z=OO’=cos(u) =1/3

rj

Q

u

Qrj

 

=Qrj

 

cos(u)=(1/3)Qrj

Assume:
 

Q || C-F bond

Fmol

 

= f C(Q) + f F(Q) [exp(iQR) +3exp(iQrj

 

)}
 = f C(Q) + f F(Q) [ 3exp(-/+iQR/3) + exp(+/-iQR)]

CF4

-. -
 

. -
 

CF4

 

Q not || C-F

-
 

- - - -
 

molybdenum
 (also 42 electrons)

(109.5deg)

(F-F bond)
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. Scattering from a crystal
A(Q) = -r0

 


 

rj

 

exp( i Qrj

 

’ )

an extension to crystalline matter is 
simplified since there is translational 
symmetry.

crystalline matter: rj

 

’ = Rn

 

+ rj

Rn

rj

A(Q) = -r0

 


 

Rn

 

exp( i QRn

 

)  rj

 

exp( i Qrj

 

) 

lattice sum            unit cell structure factor

Crystallography:

determine electron density within 
unit cell

Note:
 

one does measure
 I(Q) = A(Q) A*(Q)

 and is thus not sensitive to 
phase shifts
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. Scattering from a crystal
Scattering from atoms on a crystal lattice
Lattice planes and Miller indices
Laue

 
conditions and reciprocal space

Reciprocal Lattice
The Ewald

 
shere

The unit cell structure factor
The unit cell structure factor for a fcc

 
lattice

Lattice sums
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