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Methoden moderner Rontgenphysik |:

Struktur und Dynamik kondensierter Materie

Hard X-Rays - Introduction into X-ray physics -

Lecture 5
22.10. Introduction
29.10. X-ray Scattering Primer, Sources of X-rays
5.11. Refraction and Reflexion, Kinematical Scattering (1)
12.11. Kinematical Scattering Theory (ll)
19.11. Applications of KST and “perfect” crystals
26.11. Small Angle and Anomalous Scattering

3.12.- 7. 1. Modern Crystallography

14. 1.- 4. 2. Coherence base techniques
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Coherence of light and matter I:
from basic concepts to modern applications
Introduction into X-ray physics: 22.10.-26.11.

Introduction
Overview, Introduction to X-ray scattering

X-ray Scattering Primer and Sources of X-rays
Elements of X-ray scattering, sources of X-rays

Reflection and Refraction, Kinematical Diffraction (I)
Snell’s law, Fresnel equations, diffraction from an atom, molecule, crystal,...

Kinematical Diffraction (ll)
Reciprocal lattice, structure factor,..

Applications of Kinematical Diffraction and “perfect” crystals

Quasiperiodic lattices, crystal truncation rods, lattice vibrations, Debye-Waller
factor, “perfect” cystal theory

SAXS, Anomalous Diffraction
Introduction into small angle scattering and anomalous scattering
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Kinematical Diffraction
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Kinematical Diffraction

One of the main applications of X-rays is
the determination of structure(s) using dif-
fraction.

Assume the scattering to be weak; multiple
scattering effects are to be neglected: weak
scattering limit = kinematical approximation.

Consider a 2 electron system:

s,
s,
s,
s
s,
s,
. -
5 y
N s

N

A \
z=rcosa;kz=Kkrcosa=Ker

y =rcosl3; k'y = k'rcosd = K'er

path- or phase difference:

AD = z-y = Ker — K'er = Qer
with
Q = (411/\)sinB

scattering amplitude for 2
electrons:

A(Q) = -1y [1 + exp(iQr)]

I(Q) = A(Q) A(Q)*
= 2ry? [1+cos(Qr)]

see Fig. 4.2

for many electrons:

A(Q) = 'ro er’ exp(ier,)
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Scattering from an atom:

scattering amplitude of an atom = atomic
form factor f,(Q) [in units of r]

p(r): electronic number density = charge
density S

L» a b as bs 4 o ( ‘
. 2.3100 )() 8 ] 39 i [])l!] 10.2075 —] .H8B6 (].:')EiHT'i-(]_NG-")I} 51.6512 0.2156
fO(Q) - p(r) eXp(IQr) dr ‘ 0] ‘ 3.0485 13,2771 2.2868 5.7011 1.5463 0.3239 0.8670 32.9089 0.2508 ‘

10,2825 2.6412 4.2944 1.5170 0.2615 1.0243 26.1476 0.2776

Si 5.2015  2.4386  3.0353 32.333 1.9801 0.6785 1.5410 81.6937 1.1407
Cu | 13.338 5828 T7.1676 0.2470 5.6158 11.3966 1.6735 64.820 1.5910
Ge l 16.0816 2.8509 6.3747 0.2516 3.7068 11.4468 3.683 54.7625 2.1313

Z Q 9 O LMU 3.7025 0.2 17.236  1.0958 12.8876 11.004 3.7429 61.6584 4.3875

0 QS « table 4.1: J. Als-Nielsen & D. McMorrow

note: atomic form factor is FT of elec- note:

tronic charge distribution f=f(Q)+F +f

fo(Q/41T) tabulated: corrections f and f’ arise from the

f(Q/4TT) = X,_ 4 a exp —b(Q/4TT)2 + ¢ fact that the electrons are bound in
the atom
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Scattering from a molecule:

Fmol(Q) =D, i £(Q) exp(iQr;)

example:CF,:  -----
assume OA=0B=0C=0D=1; z=00’=cos(u) =1/3

2000== =

(109.5deg)

1 5!)0|-

|

u o
E 1000}
/ Lt ‘
500

Qr;=Qr; cos(u)=(1/3)Qr, |

Assume: Q || C-F bond "

Fmol = f ¢(Q) + f F(Q) [exp(iQR) +3exp(iQr,)}
=fC(Q) + f F(Q) [ 3exp(-/+iQR/3) + exp(+/-IQR)]

CF,
CF, Q not || C-F
molybdenum

(also 42 electrons)

4 6 8 10
revector transfer Q (A 1]

(F-F bond)
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Scattering from a crystal

AQ)= 2., f(Q)exp(iQr) Crystallography:

an extension to crystalline matter is determine electron density within
simplified since there is translational unit cell

symmetry.

' Tr = +r.
crystalline matter: r/ = R, +r,

Note: one does measure
I(Q) = A(Q) A*(Q)
- - : | and is thus not sensitive to
J 4 L ¢ | phase shifts

A(Q) =2 g, exp(iQR,) 2 ,f(Q)exp(iQr,)

8

lattice sum unit cell structure factor
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Scattering from atoms on a crystal lattice

(a) primitive (b) non-primitive
concept: build up crystal from lattice+basis ‘ » ‘

A[ L aff'
a: b " flome oz

unit cell: primitive or (non-) primitive o a,
(primitive=area or volume minimized) (c) non-conventional

2-D lattice: R, =n,a, + n,a,

3-D lattice: R,, = n,a, + n,a, +n;a,

There are: 5 distinct lattices in 2-D 2 e
14 distinct lattices in 3-D .

(d) Crystal=lattice+basis
called the Bravais lattices

add basis to yield:

32 possible point groups

: Lattice Basis Crystal
230  possible symmetry groups
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Reciprocal Lattice

1-D: defined by (iia): a;ea* = 211 d; - Real Reciprocal
2-D and 3-D: aB, il
a,” =(2m/v,) a, x a, -._a]'. Co .T'. s
a,” = (2m/v,) a; x a, e - e o o o
a,* = (2miv,) a; x a, aI_: : ‘ 3 L; : '
with v, = a, e (a, x a,) " &’
note: in 2-D a; is chosen to be a o o, .
cpamed by o, and 2y L
Example: fcc lattice - |
a,=(al2)(y'+2’), a,=(al2)(Z+X), a;=(al2)(x +y’) ¢ — ¢
a,*= (41/a) (y/2+2/2-%/2) <P g e
a,*= (4m/a) (z/2+x/2-y/2) 2 L

as*= (4m/a) (x/2+z/2-y/2)
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Equivalence of the Laue and the Bragg conditions

(a) Equivalence of Bragg and Laue

Bragqg’s law: sin® = A/2d D

Bragg Laue
A=2dsin0 Q=G
(0.1) (1,1) The Laue condition requires
°,
Q=G
2n/d
e .
S (0,0) (1,0) Example:
Real Reciprocal Q=(0,1)= O.al* + 1.32*
(b) Miller indices and reciprocal lattice vectors = (21T/d) 52’
Jag‘l
/ sin® = (Q/2)/k = QN4
, GJ’:H .
v f /" sin@ = (211/d)A / 411 = NM2d ged «
/ a/k
/ >
/ e
/ e
- v,
a/h

1-- VIS U IUUGHT HTTUUGTTIGT NUGTIWYGIPIYDIN | = VUIISDUIIY I T IAUPU IVIADLISI DUUITT Iydl Yy rllySik, Universitaet Hamburg, WS 2009/10 G. Gruebel



The Ewald sphere

Visualisation of diffraction effects in reciprocal
space (a).

Laue condition requires Q = G = ha,* +ka,*
Design sphere with radius k pointing to origin (b).

If any reciprocal lattice point falls on the circle
then the Laue conditions is fulfilled (c).

Intensity is observed if the detector is placed in
the direction of k’ (c).

A rotation about O corresponds to a rotation of
the crystal.

Note: More than one reciprocal lattice point can (d)
lie on the sphere = multiple scattering.

If the beam is not monochromatic the sphere AR
adopts the corresponding width. In the white
beam case all spots are ultimately detected.
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The unit cell structure factor

Fue(Q) = 2 Fmel(Q) exp(iQr)

example: fcc lattice (use conventional cubic unit cell)

rn=0,rp,=%a(y+z),rn="%a(z+x),r,="ax+y)

G =ha,* + ka,* + la;*
= 21/v, (a,xa;) = 2m/a3 [ay x az] = 21/a [y x z] = 21m/a X
= 21m/v, (a,xa;) = 2m/a3 [az x ax] = 2m/a [z x X] = 2m/a y
= 21m/v, (a,xa;) = 2m/ad [ax x ay] = 2m/a [x X y] = 2m/a z

v, =ale (a,xa,)

Ger, =2m/a(hx+ky +1z) e =0

Ger,=2m/a(hx+ky +1z) e 1/Za(y +2) =11 (k+])
Ger, = 21m/a (hx + ky +12) e 1/2a(z + X) =11 (h+l)
Ger, =2m/a (hx + ky +12) e 1/2a(x + y) =11 (h+k)
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The unit cell structure factor for a fcc lattice

Fra®e(Q) = 2. j=1. 4 f(Q) exp(iQr;) = f(Q) [ exp(iGry) + ... exp(iGr,)]

Fri 6(Q)= f(Q) [ 1 + exp(imr(k+l)) + exp(im(h+)) + exp(im(h+k))]

4 if h,k,l are all even or odd
0 otherwise

it "¢ (Q) = F(Q) « F*(Q)

Reflections: / 7\
100 forbidden

111 allowed
200 allowed
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Lattice sums
Sy(Q) = 2 =N EXP(IQRY)

1-D: Ry =na

Sy(Q) = zn:o N1 exp(iQna)

|ISN(Q)| = sin(NTTQ)/sin(1TTQ)
Als-Nielsen&McMorrow p.51

L aue condition almost fullfilled:

Q = (h+¢) a*
Sn(§) = exp(i TTg(N-1)) o
[SIN(NTTE) / Sin(TT¢)]
N large, ﬁéq

1SN =

width:
ISy (€=1/2N)| = (2/1T)N
~ Y2 (peak height)
FWHM ~ 1/N
N large:
1Sn(E)I > 0(¢)
ISN(Q)] > a* 0 (Q-Gy)
1SN (Q)]? N a* o (Q-G,)
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Lattice sums (2D & 3D)
S\(Q) = 2. ryexp(iQRy)

2-D:

ISn(81s §2)l — Ny N, 0(8,) 0(8,)

for large N1, N2:

ISN(Q)[* —— (N;a;)(N,a,%) 8(Q-G) = NA*D(Q-G)

A* area of unit cell in reciprocal space
3-D:
ISN(Q)I? > N v;*3(Q-G)

with G=hal*+ka,*+las*, N: number of unit cells, v*, volume unit cell in reciprocal space
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Further topics

Quasiperiodic lattices

Crystal truncation rods

Lattice vibrations, Debye-Waller factor, TDS
Lorentz factor

Diffraction from a fiber

2-D crystallography
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Lattice vibrations, Debye-Waller factor, TDS (1)

FcrystaI(Q) = Z 0 f(Q) exp( I Qorn )

Elastic waves (phonons) excited at finite T.

Effect of vibrations: r, = R+ u,

1 T displacement
time averaged position

<u,>=0 <> thermal average

| = <> f(Q)exp[iQ(R,.+u_) x
> 7(Q) exp[-IQ(R,*u,,)>

= 2 m 22, f(Q) F(QexpliQ(R,*R,) x
<exp[iQ(um-un)>

foru || Q: Uam

<expliQ(U,,-u,)I> = <exp[iQ(Uqy-Ug,)l>

Gaussian distribution of
displacements:

<e[ix] > = exp [-<x2>]

<exp[iQ{uq,-Uagn)> =

exp[-1/2 <Q?(uq,-Uq,)*>

=exp [-1/2 Q2 <(ugm-Uqn)*>

= exp[—1/2Q2<u2Qm>exp[-1/2 Q2<u2Qn>

X exp[Q?<uq,Uqn>
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Lattice vibrations, Debye-Waller factor, TDS ()

exp[Q2<ug,Uqg,™> = 1 + {exp[Q%<uqy,Uq,™ -1}

=2 > f(Q)exp[-1/2Q2<u2,, > exp[iQR ] F*(Q)exp[-1/2Q2<u2,,> exp[iQR ] +

2 - 2 . f(QexpliQR, ] f*(Q) exp[-IQR ] {exp[Q2(uqUq) -1}
iIncreasing with displacements: <ug,,Uq,>

“Thermal Diffuse Scattering” (TDS)

fatom = f(Q) exp [-1/2 Q°<u?> = f(Q) exp [-M]

with exp [-M] : Debye-Waller factor
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Thermal Diffuse Scattering (TDS

Figure 4.18: Thermal diffuse scattering (TDS) from Si. The data were collected in a transmis-
sion geometry (photon energy 28 keV) using an image plate detector. The data were collected
on the UNI-CAT beamline at the Advanced Photon Source in an exposure time of ~10 s. The
top and bottom left panels show the data taken with a (111) and a (100) axis parallel to the
incident beam respectively. The data are plotted on a logarithmic scale. The brighter spots
are not Bragg peaks, as the Laue condition is never exactly fulfilled, but are due to the build
up of TDS close to the position of where the Bragg peaks would occur. The right panels show
the corresponding calculated images based on a simultaneous pixel-by-pixel fit to the data
[Holt et al., 1999].
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Debye-Waller factor

unit cell structure factor including the DWf

F unit cell = Z j fJ(Q) exp [-Mj] exp [iQoI’j]

M. = 1/2Q2<u2> = 1/2 (4T1/\)2sin26 <u2>
= B;T (SinB/A)?

with BjT = 81T2<u2j>

for isotropic vibrations:
2s = 2 2 2 = 2
<u4> = <u4 +u y+u Z>—3<u c>

B = 812/3 <u?>

T, isotropic

within the Debye-model:

B, = 6h2/m k0 {[®(O/T) / O/T] -1/4}

with d(x) (1/x) | € / (exp[€]-1) d&
O: Debye temperature

My atomic mass

B.[A?] = {11492T[K)/A®[K2]} &(O,T)
+ 2873 / AQIK]
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Debye-\Waller factor

B.[A?] = {11492T[K/AG2[K?]} (@, T)
+ 2873 | AQ[K]

A e B4.2 ’ BTT I 8293
(K) (A?)

Diamond 12 2230 | 0.11 | 0.11 | 0.12
Al 27 394 0.25 | 0.30 | 0.72

Si 28.1 645 0.17 | 0.18 | 0.33
Cu 63.5 343 0.13 1017 | 047
Ge 72.6 | 374 0.11 | 0.13 | 0.35
Mo 96 450 0.06 | 0.08 | 0.18

&~
~
D,
©-
& Q
= =
< 0.04
0.02
0 : { i
0 200 400 600 800 1000
Temperature (K)
2
&
2
=
2
k=
L
=3

0 200 400 600 800 1000
Temperature (K)

Figure 4.19: = Top: plot of the value of the integral ¢(x) versus & = ©/T'. Middle: temperature
dependence of the rms fluctuation u in units of a/v/2 for Al. Bottom: the relative intensity
of the scattered intensity from Al as a function of temperature. The curves were calculated
for the (4.0,0) (solid line) and the (8,0,0) (dashed line) Bragg peaks respectively. The melting
temperature of Al is 933 K.
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