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Introduction

C
rystal T

runcation R
ods

● C
oncepts of surfaces

● S
cattering (B

orn approxim
ation)

● T
he basic idea

● H
ow

 to calculate
● E

xam
ples

● In B
orn  approxim

ation
● E

xact form
alism

 (F
resnel)

● E
xam

ples

R
eflectivity

G
razing Incidence D

iffraction
● T

he basic idea
● P

enetration depth
● E

xam
ple

● C
oncepts of rough surfaces

● C
orrelation functions

● S
cattering B

orn-approxim
ation

● D
W

B
A

● E
xam

ples

D
iffuse S

cattering

W
ith x-ray and neutron reflectivity

 
surfaces, buried interfaces

 and 
the properties of 

thin film
 system

s
 

can be investigated on a 
m

icro- and nanoscale
.

F
undam

ental science, e.g.:
 

●
layer grow

th
●

roughness evolution

Industrial applications, e.g.:
●

sem
iconductor devices  

●
storage devices / harddisks

●
coatings

●
lubricants

●
catalysts

T
he layers'

roughnesses
?

thicknesses 
?

densities
?
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A
dvantages of x-ray and neutron reflectom

etry:

● R
esolution in the Å

-regim
e

● G
ives a lot of inform

ation w
ith just one m

easurem
ent 

● U
sually non-destructive

● H
ighly elem

ent specific
● N

o special preparation of the sam
ple

● (A
veraged inform

ation over w
hole sam

ple area)

D
isadvantages of x-ray and neutron reflectom

etry:
● N

o unique results w
ithout preknow

ledge
● N

o fast results
● Interpretation/analysis often not easy
● (N

o local inform
ation)

S
urface S

ensitive X
-ray S

cattering 
3

T
h
e
o
re
tic

a
l P

a
rt

are scattered elastically  (no energy change: λ
i =λ

f ) at the surface.

T
he incident angle  α

i   equals the exit angle  α
f  .

W
ave vector transfer                                                           

q
z =

4


sin


f =
2

k
0 sin


f 

P
hotons w

ith w
avelength  λ (or neutrons w

ith                           )

=

h
/

2
m

E

T
he density  ρρρ ρ

j  m
eans:

● E
lectron density 

for x-rays 
● S

cattering length density 
for neutrons

a
) G

e
n
e
ra
l C

o
n
s
id
e
ra
tio

n
s
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q
z   is perpendicular to the surface 

 

⇒
  

only sensitive to inform
ation

perpendicular to the surface  :
electron (scattering length) 

density profile   <ρ(x,y,z)>
(x,y)  =

 ρ(z).

T
hat m

eans: a reflectivity cannot distinguish 
different in-plane structures.

T
hese different surfaces have the sam

e reflectivity !
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T
he follow

ing functions are im
portant in the follow

ing:
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S
p
e
c
u
la
rly

 R
e
fle

c
te
d
 In

te
n
s
ity

 in
 

   B
o
rn
 A
p
p
ro
x
im

a
tio

n
 (I

scatt  <<
  I

0 )

I
q

z ∝
1q

z 4∣ ∫
d

z

dz
exp

iq
z zdz∣ 2

G
iven by the absolute square

 of the F
ouriertransform

ation
 of the 

derivative of the density/(scattering length) profile and divided by q
z 4 .

C
onsequences:

● R
eflected intensity drops fast w

ith increasing angle 
: 1/q

z 4 

● O
nly differences in density can be seen (contrast)  

: D
erivative

● O
nly sensitive to density properties in z-direction

: D
ensity profile

● N
o direct picture visible

: F
ourier space

● P
hase inform

ation gets lost  ⇒
  no unique solution

: A
bsolute square
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1) single sm
ooth surface 

at    z = 0
substrate  ρ

2

vacuum
    ρ

1 =
0

 ρ(z)
z

E
x
a
m
p
le
s


z=


2

2
1


[z]

⇒
d


dz
∝

z

I
q

z ∝
1q

z 4∣ ∫
d

z

dz
exp

iq
z zdz∣ 2

=
1q

z 4 ∣∫

zexp

iq
z zdz∣ 2

=
1q

z 4 ∣ exp
iq

z ⋅0
∣ 2=

1q
z 4 ⋅∣1∣ 2=

D
ensity profile:
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2) single sm
ooth surface 

at    z =
 z

1             (shifted)
substrate  ρ

2

vacuum
    ρ

1 =
0

 ρ(z)
z

z
1

D
ensity profile:


z=


2

2
1


[z

z
1 ]

⇒
d


dz
∝

z

z
1 

I
q

z ∝
1q

z 4∣ ∫
d

z

dz
exp

iq
z zdz∣ 2=

1q
z 4 ∣∫


z

z
1 exp

iq
z zdz∣ 2

=
1q

z 4 ∣ exp
iq

z z
1 ∣ 2=

1q
z 4 ⋅1

2

A
 s
h
ift o

f th
e
 s
a
m
p
le
 d
o
e
s
 n
o
t c

h
a
n
g
e
 th

e
 re

fle
c
tiv

ity
.
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3) single rough surface 
w

ith roughness    
σσσ σ

D
ensity profile:


z=


2

2[ 1
erf

z


2
 ]

⇒
d


dz
∝

exp


z
2

2


2
I
q

z ∝
1q

z 4∣ ∫
d

z


dz
exp

iq
z zdz∣ 2

=
1q

z 4∣ ∫
exp 

z
2

2


2 exp
iq

z z
dz∣ 2

F
ourier

transform
ation

is
know

n
!

∝
1q

z 4∣ exp 
q

z 2
2

2
∣ 2

E
ffect of the roughness

D
ebye-W

aller factor
S
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4) single sm
ooth layer 

  
w

ith thickness  
d

substrate  ρ
3

vacuum
    ρ

1 =
0

 ρ(z)
z

layer         ρ
2

-d=
z

2

D
ensity profile:


z=




1

2
[1


z
]




2

2
[1


z

d
]∆ρ

1  =ρ
2 −ρ

1

∆ρ
2  =ρ

3 −ρ
2

D
erivative of  

ρρρ ρ(z) :
d


dz
∝



1 
z




2 ⋅
z

d


I
q

z ∝
1q

z 4∣ ∫
d

z

dz
exp

iq
z zdz∣ 2=

1q
z 4 ∣∫

[


1 
z




2 
z

d
]exp

iq
z zdz∣ 2

=
1q

z 4 ∣ 


1 



2 exp


iq
z d

∣ 2=
1q

z 4
[


1 




2 exp
iq

z d
]⋅[


1 




2 exp


iq
z d

]

=
1q

z 4



1 2




2 2



1 


2 [exp
iq

z d


exp


iq
z d

]

=
1q

z 4
[


1 2




2 2
oscillating function

w
ith:
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● C
ontrasts  ∆ρ

1   and  ∆ρ
2   determ

ine the visibility of the oscillations.
● F

ilm
 thickness  d  determ

ines the period via  ∆
q

z = 2π/d .
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5) single layer w
ith rough

interfaces and thickness
d =

 -z
2


z
=




1

2[ 1


erf
z

z
1


2


1 ] 



2

2[ 1


erf
z

z
2


2


2 ]
d


dz
∝



1


1

exp

z

z
1 

2

2


1 2
 




2


2

exp

z

z
2 

2

2


2 2


D
ensity profile:

D
erivative of  

ρρρ ρ(z) :

∫
exp


z

z
1  2

2


1 2 exp
iq

z zdz=
exp

iq
z z

1 
2


1 exp
q

z 2
1 2

2 
using :

I
q

z ∝
1q

z 4
R

esult :
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● A
t large q

z  the scattering is dom
inated by the sm

oothest interface.
● T

he difference betw
een the  σ

's  of a layer determ
ines the “die-out”

  of the oscillations.
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5) general case:  
N

  rough
layers

D
ensity profile:


z=

12
∑j=

1

N


1


j 1
erf[

z
z

j


2


j ]
w

ith



j =


j
1 


j

I
q

z ∝
1q

z 4 ∑j=
1

N


1


2∑j=

1

N

∑k
=

j
1

N


1

E
ach distance  z

j -z
k   gives an oscillating term

, scaled w
ith the 

respective D
ebye-W

aller factor and the contrasts at the interfaces.

S
cattering term

s from
 

the single interfaces
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F
or a first guess on reflectivity data: F

ourier backtransform
ation of

q
z 4 ⋅I(q

z )  w
ill show

 distinct peaks for each oscillation ( ⇔
 distance).

M
axim

um
 num

ber of distances

1 layer : 1                 2 layers : 3                           3 layers : 6 

F
T

B
  →
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O
nly 5 peaks !

Likely a 3-layer system
 w

ith 
one layer thickness m

atching 
the sum

 of tw
o neighboring 

layers.
T

w
o possibilities:

160Å
70Å

230Å

230Å
390Å

460Å

160Å
70Å

230Å

230Å
390Å

460Å

160Å
70Å

230Å390Å
300Å460Å

or

R
esult of sw

apping layers
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) T

h
e
 E
x
a
c
t F

re
s
n
e
l F

o
rm

a
lis

m
 (O

p
tic

a
l T

re
a
tm

e
n
t)

B
orn approxim

ation diverges for  q
z →

0       ⇒
T

he reflected intensity cannot be larger than the incident intensity.
M

ultiple scattering for sm
all angles have to be taken into account.

S
tarting point:

  H
elm

holtz equation  
(rem

em
ber: neutrons can be treated as w

aves)

∇
2E

r


k
0 2n

2r
E

r
=

0

r
: vector in space

E
: electrical field for photons / w

ave function for neutrons
k

0  =
 2π/λ 

: m
odulus of the w

ave vector 
n

: refractive index            for reflectivity :  
n(r) =

 n(z)
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E
lectron density (for x-rays) or scattering length density (neutrons)

translates to the refractive index :

n(z) =
 1-δ(z)+

iβ(z)

w
ith the dispersion  δ  and the absorption  β .

X
-ra

y
s
:


z=


2

2


r
e 

z
f

0 q
z 

f
ℜ



Z


z=


2

2


r
e 

z
f
ℑ 



Z

N
e
u
tro

n
s
: 


z=


2

2


N
zb

β    is usually negligible
N

 
: particle density

b 
: scattering length

r
e  : classical e

− radius         ρ : e
− density   

Z : num
ber of e

−               
     f0 : form

factor    

fℜ  +
i fℑ  : corrections to form

factor
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ean value of the refractive index:       
⇒

total external reflection
⇒

critical angle   α
c

F
resnel reflection coefficient for a single sm

ooth surface:

r
1,2 =

k
z1 

k
z

2

k
z1 

k
z

2

k
z1 =

k
1 sin


i1 =

k
0 sin


i =

q
z /2

k
z

2 =
k

2 sin


i2 =
k

0 
n

2 2
cos

2
i

w
ith

α
f    =

 α
i =

 α
i1

k
0 

k
0 =

k
1  

k
2 

α
i 

α
i2

n
2

n
1 =

1

I(α
i ) =

 |r
1,2 | 2
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If a surface is rough, the F
resnel reflection coefficient can be m

odified.

T
he result depends on the exact probability function of the interface.

S
olids

: E
rror-function profile

⇒
G

aussian probability function
P

olym
ers

: tanh-function profile 
⇒

1/cosh
2  probability function

r
1

,2 =
r

1
,2 exp


2

k
z

1 k
z

2 
2

~r
1

,2 =
sinh

[
3

k

z
1 

k
z

2 ]

sinh
[

3

k

z
1 

k
z

2 ]
~

G
aussian

1/cosh
2
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S
m

ooth layer system
s  (recursive form

alism
 by P

arratt) 

r
j,j

1 =
k

z
,j 

k
z

,j
1

k
z

,j 
k

z
,j

1
k

z
,j =

k
0 

n
j 2

cos
2

i
for each interface  j :

R
ecursion:

starting w
ith     X

N
+

1 =
 0

(N
 : num

ber of layers)

end of recursion:

|X
1 | 2 =

 I(q
z )

X
j =

exp


2
ik

z
,

j z
j 

r
j,

j
1 

X
j

1 exp
2

ik
z

,
j

1 z
j 

1


r
j,

j
1 X

j
1 exp

2
ik

z
,

j
1 z

j 
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F
or rough layer system

s the  r
j,j+

1   can be replaced by the  r
j,j+

1
~

H
o
w
e
v
e
r, th

is
 is

 o
n
ly
 a
n
 a
p
p
ro
x
im

a
tio

n
.

X
j =

exp


2
ik

z
,

j z
j 

~

substrate

z
ρ(z)

gold cluster
polym

er 2

polym
er 1

T
his layer can be 

described 
by 

a 
standard thin film

 
m

odel 
but 

the 
P

arratt form
alism

 
m

ay fail.

It fails for thin layers w
ith large roughness.

T
here is a w

ay to get around this problem
 (see later).

e.g.
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E
x
p
e
rim

e
n
ta
l p

a
rt

1) T
he diffractom

eter 

H
as m

any degrees of freedom
 w

ith high 
accuracy 

( 0.001° 
angular 

resolution 
/ 

0.01m
m

 translational resolution).

M
any slits

 are necessary to define the 
beam

 direction  (not discussed here).

D
e
g
re
e
s
 o
f fre

e
d
o
m
  

● 2θ : D
etector rotation 

● ω
 

: S
am

ple rotation 
  (incident angle)

● χ 
: 1. E

uler angle 
  (align surface parallel)

● φ
: 2. E

uler angle 
  (not used for reflectivity)

●
 y

: S
am

ple m
ovem

ent  
  up

↔
dow

n
●

 x
: S

am
ple m

ovem
ent 

  along the beam
●

 z
: S

am
ple m

ovem
ent 

  horizontally
●

 gy
: G

oniom
eter m

ovem
ent 

  up
↔

dow
n

S
urface S

ensitive X
-ray S

cattering 
24



2) A
lignm

ent of the sam
ple 

G
o
a
l

  P
ut the center of the sam

ple
  surface to center of  rotation 
  (m

arked  by the  beam
  after 

  centering the diffractom
eter).

P
ro
c
e
d
u
re

1) S
can the prim

ary beam
 w

ithout the sam
ple. N

ote the intensity I
0  and the w

idth σ 
     and go w

ith 2θ to the m
axim

um
. C

alibrate this to 0.
2) S

can the sam
ple in y-direction. M

ove y so that the sam
ple cuts half of the beam

.
3) S

can ω
. F

ind the m
axim

um
, go there and calibrate to 0. 

4) R
edo step 2).

5) T
he ω

-scan m
ay not look sym

m
etric. M

ove the sam
ple in x-direction until it is.

6) G
o to som

e ω−
2θ  value  (e.g. ω =1° , 2θ =2°), scan ω  and go to the m

axim
um

.
    C

alibrate this as 2θ /2. T
his is m

uch m
ore accurate than step 3).

7) If the w
idth of 6) is n

o
t σ

/2  the sam
ple is bent and has to be cut in sm

aller pieces!
8) S

can χ w
idely and go to the m

axim
um

 to m
ake the surface parallel to the beam

.
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T
e
c
h
n
iq
u
e
s
 fo

r re
fin

e
m
e
n
t

1) S
tandard technique

● T
ake the data and have a qualitative look at it. 

● P
aram

etrize a density profile by film
 thickness, averaged film

  densities and interface roughnesses w
hich m

ay m
atch the data.

  S
o create a m

odel of the system
.

● T
ake into account all external param

eters (resolution of the 
  diffractom

eter, background, size of the beam
, size of the sam

ple )
  and include them

 into the m
odel.

● T
ake a reasonable assum

ption on the param
eters w

hich m
ay

  m
atch the sam

ple conditions best ( preknow
ledge) and calculate

  a reflectivity  using the P
arratt form

alism
 w

ith m
odified F

resnel 
  reflection coefficients.
● O

ptim
ize  χ

2  under the constraint of physical reasonability.


2=
∑j=

1

M

I
j,D

ata q
z 

I
j,M

odel q
z  2

w
ith    M

    data points
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2) E
ffective density m

odel

T
he standard technique usually w

orks w
ell.

It fails if the system
 contains thin layers w

ith roughnesses equal or 
larger than the film

 thickness  (incom
plete layers).

R
e
a
s
o
n
: In

te
rfa

c
e
s
 c
a
n
n
o
t b

e
 tre

a
te
d
 s
e
p
a
ra
te
ly
 a
n
y
 m

o
re
.

E
xam

ple
: T

hin (30Å
) gold layers em

bedded in polym
er m

atrices

substrate

z
ρ(z)

gold cluster
polym

er 2

polym
er 1

T
his layer can 

be 
described 

by a standard 
thin film

 m
odel 

but the P
arratt 

m
ay fail.
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R
eflectivity can be calculated by the effective density m

odel.
1) calculating the w

hole density profile first
2) slicing into m

any very thin com
pletely sm

ooth sublayers
3) using this slicing for the iterative P

arratt algorithm
 (slow

!)
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T
he slicing has to be adapted to th q

z -range w
hich has been covered.

D
ata and fit of a 

S
i-P

S
S

A
(15%

)-A
u-P

S
thin film

 system
(effective density m

odel)

red curve is the difference

S
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293) T

he F
ourier m

ethod

T
o

 increase
 the sensitivity to

 low
 contrast interfaces: Include the 

F
ourier backtransform

ation of   I(q
z )   (P

atterson function  P
(z) ) to 

the refinem
ent.

I
q

z ∝
1q

z 4∣ ∫
d

z

dz
exp

iq
z zdz∣ 2

P
z=∣ ∫q

z
,low

∞

q
z 4I
q

z cosq
z zdq

z∣ 2

⇒

P
osition of the 

peaks/dips
⇒

Layer thickness

S
hape+

intensity
⇒

P
robability func-

tion of the inter-
face
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P
olym

er M
ono- and B

ilayers  @
  11keV

δ
S

i =
4.03⋅10

-6  /  δ
PS =1.92⋅10

-6  /  δ
P

2V
P

P =
2.00⋅10

-6  /  δ
PM

M
A =

2.17⋅10
-6   
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S
u
m
m
a
ry

● X
-ray or neutron reflectom

etry is a very helpful tool to investigate 
  thin layer system

s.

● T
he reflectivity is basically sensitive to the density profile 

  perpendicular to the sam
ple surface .

I
q

z ∝
1q

z 4∣ ∫
d


dz
exp

iq
z z
dz∣ 2

● S
pecial care has to be taken w

hen aligning the sam
ples on a

  diffractom
eter.

● T
o successfully analyze the data often special tricks have to be

  applied.
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