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Low-intensity diffraction patterns

→ Dynamics via XSVS at FELs

Nature Comm. 9, 1704 (2018)

Nature Comm. 9, 1917 (2018)
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In experiments: 

- Intensity histograms from whole detector (treated as one q value) or certain region of interests 

(e.g. particular q)

- Model distribution with negative binomial function 𝑃𝑛𝑏 𝑖 =
Γ 𝑖+𝑀
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a. Contrast calculation at low count rates

𝑃𝑛𝑏 𝑖 =
Γ 𝑖 + 𝑀
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Gamma function: 

• Γ 1 = 1
• Γ 𝑥 + 1 = 𝑥Γ(𝑥), in particular for 𝑛 ∈ ℕ: Γ 𝑛 = 𝑛 − 1 !

• 𝑃𝑛𝑏 1 =
Γ 1+𝑀
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, using Γ 1 + 𝑀 = 𝑀Γ(𝑀) and Γ 2 = 1

• 𝑃𝑛𝑏 2 =
Γ 2+𝑀
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, using Γ 2 + 𝑀 = 1 +𝑀 𝑀Γ(𝑀)

• 𝑟 =
𝑃𝑛𝑏 2
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b. Assume 1 Megapixel Detector & 𝑖 = 5 ⋅ 10−3 ph/pixel at 

𝛽 = 0.5 ⇒ 𝑀 = 2

𝑃𝑛𝑏 𝑖 =
Γ 𝑖 + 2

Γ 2 Γ 𝑖 + 1
1 +

2

5 ⋅ 10−3

−𝑖

1 +
5 ⋅ 10−3

2

−2

=
0.995(𝑖 + 1)

400𝑖

• One photon counts: 𝑃𝑛𝑏 1 ⋅ 106~4975 (following

distribution function)

• Two photon counts: 𝑃𝑛𝑏 2 ⋅ 106~18.6

• Consider counting statistics, e.g., detector counts 18.6 ±

18.6 ≈ 18.6 ± 4.3 two photon events

• This results in a contrast variation between 0.1 and 1!

• Need to measure many speckle patterns.
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1. Which q-range needs to be covered?

Structure factor peak expected in the vicinity of 𝑞 ≈
2𝜋

2.75 Å
= 2.285 Å-1

J. Phys. Chem. B 2018, 122, 30, 7616–7624
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2. i. Can speckles be resolved in the q-range found in 1.?

Speckle size: 𝑠 ≈ 𝜆 ⋅
𝐷

𝑏
, with 𝑏 = 500 nm as beam size. Speckle should match pixel size: 𝑠 = 200 µm.

Wave length 𝜆 is obtained from the energy: 𝐸 = ℎ𝜈 =
ℎ𝑐

𝜆
⇒ 𝐸 keV =

12.398

𝜆 Å
⇒ 𝜆 = 1.378 Å.

So we can obtain a sample-detector distance of 𝐷 = 𝑏 ⋅
𝑠

𝜆
≈ 0.73 m that fullfils the needs.

BUT: will the q-range be covered by the detector? Consider to measure full diffraction rings.

Obtain the scattering angle via 𝑞 =
4𝜋

𝜆
sin

𝜃

2
⇒ 𝜃 = 2 ⋅ asin

𝑞𝜆

4𝜋
≈ 29°. 

Placing the AGIPD at 0.73 m distance, a maximum scattering angle of 𝜃𝐴𝐺𝐼𝑃𝐷 = atan
500⋅200 µ𝑚

0.73𝑚
≈ 7.8° can be

achieved. As consequence, the detector would be needed to be placed to a shorter distance: 𝐷𝑛𝑒𝑤 ≈
500⋅200 µ𝑚

tan 29°
≈ 0.18 m → Speckles cannot be resolved! → Need to reduce beam size by a factor of

0.73

0.18
≈ 4
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PNAS 114, 8793 (2017)

2. ii. What size of an detector would be needed to keep

1:1 speckle to pixel size

We found a sample-detector distance of 𝐷 ≈ 0.73 m that

fullfils the needs. 

Assume again to hit the detector in the centre and that we

would resolve at least 29° - or better 40° to have the full ring.

The detector would need to be 𝑝 = 0.73 ⋅ tan 40° ⋅ 2 ≈ 1.225
m → very large, corresponds to about 38 Megapixels
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3. i. Determine lattice constant a and c

Hexagonal ice → hexagonal lattice. 

Distance of lattice planes for hexagonal lattice: 
1

𝑑ℎ𝑘𝑙
2 =

4

3𝑎2
ℎ2 + ℎ𝑘 + 𝑘2 +

𝑙2

𝑐2

Q-value of Bragg reflections (𝑞ℎ𝑘𝑙 =
2𝜋

𝑑ℎ𝑘𝑙
) : 𝑞ℎ𝑘𝑙 = 2𝜋

4

3𝑎2
ℎ2 + ℎ𝑘 + 𝑘2 +

𝑙2

𝑐2

- {100}: 𝑞100 = 2𝜋
4

3𝑎2
12 + 1 ⋅ 0 + 02 +

02

𝑐2
=

2𝜋

𝑎

4

3
= 1.608 Å-1 

→ 𝑎 = 4.512 Å

- {002}: 𝑞002 = 2𝜋
4

3𝑎2
02 + 1 ⋅ 0 + 02 +

22

𝑐2
=

4𝜋

𝑐
= 1.711 Å-1 

→ 𝑐 = 7.345 Å

- Check with the others
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3. ii. Symmetries in an XCCA experiment

Correlations only between equivalent Bragg reflections. Find equivalent planes via (hkil) notation, with

𝑖 = − ℎ + 𝑘 . Then permutation of hki give equivalent planes.

- {100}: (100) → (10ത10) is equivalent to e.g. (01ത10) → (010).

Consider basis vector of hexagonal lattice system: 𝑎1 =
1
0
0

𝑎, 𝑎2 =
−0.5

3/2
0

𝑎, 𝑎3 =
0
0
1

𝑐,

So we have (100) = 𝑎1, (010) = 𝑎2.

Correlation angle is then cos𝜔 =
𝑎1⋅𝑎2

𝑎1 |𝑎2|
= −0.5 ⇒ 𝜔 = 120°

- {002}: Only third direction contributes → 𝜔 = 180°

- {101}: similar ideas for {100} → (101) and (011) are equivalent. 101 = 𝑎1 + 𝑎3 =
𝑎
0
𝑐

, 011 =

𝑎2 + 𝑎3 =
0
𝑎
𝑐

⇒ cos𝜔 =
𝑎1⋅𝑎2

𝑎1 |𝑎2|
=

𝑐2

𝑎2+𝑐2
≈0.726 ⇒ 𝜔 = 43.45°
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