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Part III/1: 

Studies on Magnetic Nanostructures

by André Philippi-Kobs

[22.6.] Ferromagnetism in a Nutshell 

• Introduction to Magnetic Materials 

• Magnetic Phenomena

• Magnetic Free Energy

• Perpendicular Magnetic Anisotropy

• Magnetic Domains and Domain Walls 

[24.6.] Interaction of Polarized Photons 

with Ferromagnetic Materials 

• Charge and Spin X-ray Scattering by a Single Electron

• Absorption and Resonant Scattering of Ferromagnets

(Semi-Classical and Quantum-Mechanical Concepts) 

Outline
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2.) Interaction of polarized photons with ferromagnetic materials

- Recap: Interaction of X-rays with Matter

- Recap: Charge and Spin X-ray Scattering by a single electron

- Recap: Classical concept of Resonant Absorption 

& Scattering (forced oscillator)

- Resonant Absorption and Scattering (QM concept, Fermi’s golden rule) 

- Interactions of photons with ferromagnetic materials ➔ XMCD effect

Interaction of polarized photons with matter
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> Recap: Interaction of X-rays with matter (consider also light’s polarization 𝛆) 

𝑛(𝜔, 𝛆) = 1 − 𝛿(𝜔, 𝛆) + 𝑖𝛽(𝜔, 𝛆) Refractive index (classical refraction theory)

Atomic scattering factor (scattering theory)𝑓 𝐪, 𝜔, 𝛆 = 𝑓0 𝐪 + 𝑓′ 𝜔, 𝛆 − 𝑖𝑓′′(𝜔, 𝛆)

Atomic form factor 

~ Z for forward scattering (or soft X-rays) 

Anomalous scattering factors 

(electrons are bound in a solid

➔ “resonances” at atomic transitions)

𝛿 𝜔, 𝛆 =
𝑟0λ

2

2𝜋
𝜌 (𝑍 + 𝑓′ 𝜔, 𝛆 )

𝛽 𝜔, 𝛆 =
𝑟0λ

2

2𝜋
𝜌 𝑓′′(𝜔, 𝛆)

1 − 𝑛(𝜔, 𝛆) =
𝑟0λ

2

2𝜋
𝜌𝑓 𝜔, 𝛆

- Equivalence between scattering and refraction picture (lecture 3)

Interaction of polarized photons with matter

atomic density
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Interaction of polarized photons with matter
> Polarization 𝛆 dependent effects in transmission geometry

• The dependence of 𝛿 on 𝛆 is called 

birefringence (Doppelbrechung) 

• The dependence of 𝛽 on 𝛆 is called dichroism (Zweifarbigkeit)

- X-ray Natural (charge) linear dichroism (XNLD)

- X-ray Natural (charge) circular dichroism (XNCD)

- X-ray magnetic linear dichroism (XMLD)

- X-ray magnetic circular dichroism (XMCD)

• The change of polarization 𝛆 is called optical rotation

(Faraday effect in case of magnetic materials) 
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Faraday (1845) and magneto-optical Kerr effect (MOKE) (1876): 

Polarization of visible light changes when transmitted/ reflected by a 

ferromagnetic material

Interaction of polarized photons with matter
> History of the interaction between light and ferromagnets

➔ Magnetic hysteresis
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XMCD effect: 

Erskine and Stern (1975):

First theoretical formulation of XMCD 

for the excitation from a core to 

valence state for the M2,3 edge of Ni

G. Schütz et al. (1987): 

First experimental demonstration of 

the XMCD effect at the K-edge of Fe 

at DORIS at DESY

Interaction of polarized photons with matter
> History of the interaction between light and ferromagnets

May 2019 814 citations! (~20 in the last year)
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> Scattering of X-rays by a single electron (lecture 2); also consider spin of electron              

➔ magnetic XRD

Incoming plane wave 

Spin of electron precesses around magnetic field

according to

With definition of magnetic moment

Electric dipole moment (charge movement) oscillates along 𝐄

Magnet dipole moment (spin movement) oscillates in the direction perpendicular 

to B and S (initial spin direction)

Landé-factor

Interaction of polarized photons with matter

d𝐒𝑑 𝑡

d𝑡
= −

𝑒

𝑚e
𝐒0(𝑡) × 𝐁(𝑡)

Note: different oscillation directions

of p and m

𝐄 𝐫, 𝑡 = 𝛆 ⋅ 𝐸0𝑒
−𝑖(𝜔𝑡−𝐤∙𝐫)

𝐁 𝐫, 𝑡 =
1

𝑐
(𝐞𝐤 × 𝛆) ⋅ 𝐸0𝑒

−𝑖(𝜔𝑡−𝐤∙𝐫)

𝐩 𝑡 = −
𝑒²

𝑚e𝜔²
𝐄0𝑒

−𝑖𝜔𝑡
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> Scattering by a single electron (also consider Spin of electron)

Electric fields radiated by 

- electric dipole (Jackson text book):

- magnetic dipole (Jackson text book): 

Charge scattering

- Phase shift of 𝜋
- Conservation of 

polarization

for k||k’

Magnetic (Spin) scattering

- Phase shift of 
𝜋

2

- Rotation of polarization

- Amplitude ‘reduced’

by factor

Interaction of polarized photons with matter

𝐸′ 𝑡 =
𝜔2

4𝜋𝜖0𝑐
2

𝑒𝑖𝑘
′𝑟

𝑟
⋅ 𝒌0

′ × p 𝑡 × 𝒌0
′

𝐸′ 𝑡 = −
1

4𝜋𝜖0
⋅

𝑒2

𝑚𝑒𝑐
2 ⋅

𝑒𝑖𝒌
′𝒓

𝑟
𝒌𝟎
′ × 𝑬 𝑡 × 𝒌𝟎

′

0
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> Scattering by a single electron (also consider Spin of electron)

Polarization dependent scattering lengths:

Differential scattering cross-section: 

Total cross-section: 

𝐸 = 10 keV➔
𝜎𝑠

𝜎𝑒
= 0.0004 Only weak spin-scattering signal

Interaction of polarized photons with matter

Remember: Polariazion factor P = sinθ

𝑑𝜎

𝑑Ω
= 𝑓 𝜖, 𝜖′ 2 = 𝑟0

2sin2𝜃 für 𝑓 = 𝑓𝑒

𝜎𝑒 = ∫ 𝑓 𝜖, 𝜖′ 2 𝑑Ω = 𝑟0
2 ∫0

2𝜋
𝑑𝜑 ∫0

𝜋
𝑑𝜃 sin2 𝜃
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Take-home messages: 

➢ Charge scattering causes a phase shift of 𝜋 (‘-’) between incident and 

scattered field  

➢ Spin scattering causes a phase shift of 
𝜋

2
(‘i’) between incident and 

transmitted field

➢ Charge scattering conserves the polarization while spin scattering causes a 

rotation of the polarization

➢ The spin-scattering amplitude is different by a factor of 
ℏ𝜔

𝑚𝑒𝑐2
relative to 

charge scattering amplitude, with 𝑚e𝑐
2 = 511keV, i.e., for extremely high 

photon energies spin scattering is stronger (these energies are [usually] not 

relevant for X-ray physics)

➢ Spin scattering is generally weak and can only be measured in special 

circumstances 

> Scattering by a single electron (also consider Spin of electron)

Interaction of polarized photons with matter
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> Scattering by a single electron (also consider Spin of electron)

Example: magnetic XRD of antiferromagnetic NiO

Interaction of polarized photons with matter
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Interaction of polarized photons with matter

Picture: Electrons are bound to atoms 

➔ Forced oscillator model with resonances ωs and damping 𝛤 to describe

equation of motion of electrons

> Recap: Absorption and Resonant Scattering (classical concept, lecture 6)

(scattering cross-section)
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> Recap: Absorption and Resonant Scattering (classical concept)

Measure absorption cross-section in experiment 

(optical theorem

2𝑘𝛽 = 𝜇 = 𝜌𝜎a)

Use Kramers-Kronig relations to obtain f ‘

Interaction of polarized photons with matter
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Interaction of polarized photons with matter

> Absorption & Resonant scattering (qm concept, Fermi’s Golden rule) 

Motivation: Understand polarization dependent 2p ➔ 3d transition in ferromagnets,

i.e., XMCD effect

Fe

𝐿3: 2𝑝 ൗ3 2
→ 3𝑑; 𝐿2: 2𝑝 ൗ1 2

→ 3𝑑

L3 L2

↑
↓
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> Absorption & Resonant scattering (qm concept, Fermi’s Golden rule) 

- Time-dependent pertubation theory (up to second order) = „Fermi’s Golden rule”

𝑇𝑖𝑓: transition rate from state 𝑖 to 𝑓; [𝑇𝑖𝑓] = s−1;

𝑖 and 𝑓 are initial and final states of the 

combined electron and photon system

𝜌 𝜀𝑓 : density of final states

𝜀𝑛: energy of all possible intermediate states 𝑛

- Total cross-section given by 

Incident photon flux

Interaction of polarized photons with matter

:   Interaction Hamiltonian
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- Interaction Hamiltonian

(derivation again via force on “atom in electric and magnetic field“) 

p: momentum of electrons

A: vector potential of EM-wave

- Time-dependent pertubation theory (up to second order)

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter

𝑒

𝑚𝑒
𝐩 ∙ 𝐀 +

𝑒²𝐀²

2𝑚𝑒
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> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter

- Interaction Hamiltonian

(derivation again via force on “atom in electric and magnetic field“) 

p: momentum of electrons

A: vector potential

- Time-dependent pertubation theory (up to second order)

𝑒

𝑚𝑒
𝐩 ∙ 𝐀

Transition-matrix element 𝑀 ∝ 𝑏 𝐩 ∙ 𝝐𝑒𝑖𝐤∙𝐫 𝑎 , 𝑎 , |𝑏⟩ atomic states

With 𝐄 = −
𝜕𝐀

𝜕𝑡
and assumption of a plane wave 𝐄 𝐫 = 𝝐𝐸0 ⋅ 𝑒

𝑖𝐤∙𝐫: 

𝑀
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Dipole-Approximation: eliminate the k dependence in M

Matrix elements for atomic transitions between states a and b

Interaction of polarized photons with matter

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

Expansion of e𝑖𝐤∙𝐫 = 1 + 𝑖𝐤 ∙ 𝐫 −
𝑖𝐤∙𝐫 𝟐

𝟐
+⋯

Size of electron-radius 𝐫 : 𝐫 ≈ 0.1Å = ℓ for 2p-core shells

Soft X rays : 𝐸𝛾 ≤ 1keV → 𝜆 ≥ 1nm ≈ 100 ⋅ ℓ; 𝐤 =
2𝜋

𝜆
≤ 5 ⋅ 109 m−1

|𝐤||𝐫| ≤ 0.05 ≪ 1 → 𝑒𝑖𝐤∙𝐫 ≈ 1

→ 𝑀 = 𝑏 Ԧ𝑝 ⋅ Ԧ𝜖 𝑎 , i.e., dipole approximation

19 Methoden Moderner Röntgenphysik II - Vorlesung im Haupt-/Masterstudiengang, Universität Hamburg, 

SoSe 2021, André Philippi-Kobs



Reformulation of Matrix-elements

Matrix elements for atomic transitions between states a and b

Absorption cross-section in dipole approximation

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter

𝑀 = 𝑏 𝐩 ∙ 𝛜 𝑎 =
𝑖𝑚𝑒

ℏ
𝑏 𝐻, 𝐫 𝛜 𝑎

=
𝑖𝑚𝑒

ℏ
(⟨𝑏|𝐻𝐫 ∙ 𝛜 𝑎 − ⟨𝑏|𝐫𝐻𝛜|𝑎⟩)

=
𝑖𝑚𝑒

ℏ
(𝐸𝑏 ⟨𝑏|𝐫 ∙ 𝛜 𝑎 − 𝐸𝑎⟨𝑏|𝐫 ∙ 𝛜|𝑎⟩)

=
𝑖𝑚𝑒

ℏ
𝐸𝑏 − 𝐸𝑎 𝑏 𝐫 ∙ 𝛜 𝑎 = 𝑖𝑚𝑒𝜔 𝑏 Ԧ𝑟 Ԧ𝜖 𝑎
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Polarization dependent dipole operator

Electron position vector or length operator 

Linear polarized light

Interaction of polarized photons with matter

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

𝑃 = 𝝐 ∙ 𝒓

𝑃𝑧
0 = 𝛜 ∙ 𝐫 = 𝑧 = 𝑟 cos 𝜃

= 𝑟
4𝜋

3
⋅ 𝑌1,0

𝑌𝑙,𝑚: spherical harmonics = Kugelflächenfuktionen

(‘extreme cases‘)

z
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Polarization dependent dipole operator

Right and left circularly polarized light

Definition of Helicity 

(photon angular momentum or spin Lph,z || z):

“+”: q = +1 right circularly polarized light (RCP)

“-”:  q = -1 left circularly polarized light (LCP)

(“0”:  q = 0 lin. pol. Light)
Image!!

Interaction of polarized photons with matter

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

|Lph,z| = ± qħ

𝑃 = 𝝐 ∙ 𝒓

(𝐤||𝐞𝑧)

𝛜± = ±
1

2
(𝛜𝑥 ± 𝑖𝛜𝑦), i.e., supposition of linear light with a phase shift of

𝜋

2

z
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➔ Polarization dependent Dipole Operator for circularly polarized light:

Interaction of polarized photons with matter

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

𝑃± = 𝛜± ⋅ 𝐫 = ∓
1

2
𝑥 + 𝑖𝑦 = ∓r ⋅ sin𝜃 𝑒±𝑖𝜙

= 𝑟
4𝜋

3
𝑌1,±1 = 𝑟

4𝜋

3
𝑌ℓ,𝑚𝑙

Dipol operator: 𝑃𝑧
0 = 𝑟𝐶0

(1)
for linear polarization

𝑃𝑧
± = 𝑟𝐶±1

(1)
for RCP (+) and LCP (-)
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➔ Transition-Matrix-Elements with atomic wave functions (non-relativistic approx.)

> Absorption (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter

𝑎 = 𝑅𝑛,𝑙 𝑟 ; 𝑙, 𝑚𝑙 , 𝑠, 𝑚𝑠 = 𝑅𝑛,𝑙 𝑟 𝑌𝑙,𝑚𝑙
𝜒𝑠,𝑚𝑠

𝑏 = |𝑅𝑛′,𝑙′ 𝑟 ; 𝑙′,𝑚𝑙′ , 𝑠′, 𝑚′𝑠⟩

𝑏 𝑃𝑧
𝑞
𝑎 = 𝛿 𝑚𝑠

′ , 𝑚𝑠

Spin

⋅ 𝑛′, 𝑙′|𝑟|𝑛, 𝑙
Radial

⋅ 

𝑚𝑙,𝑚𝑙
′,𝑞

⟨𝑙′, 𝑚𝑙
′ 𝐶𝑞

1
𝑙, 𝑚𝑙⟩

Angular

Spin: Electron-spin direction is conserved

Radial transition strength: the same transition strength for all 2𝑝 → 3𝑑 transitions

Angular: Contains polarization dependence

Note: as core electrons are strongly localized, absorbtion spectroscopy is sensitive 

to the valence shell properties within the atomic volume
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Non-vanishing matrix elements (use in excercise, 30.6.)

Lin. pol

RCP

LCP

> Absorption (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter

Table 1
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> Absorption (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter

Dipole selection rules (for states of the form 𝑛, 𝑙, 𝑚𝑙 , 𝑠, 𝑚𝑠 ) 

Δ𝑙 = 𝑙′ − 𝑙 = ±1
Δ𝑚𝑙 = 𝑚𝑙

′ −𝑚𝑙 = 𝑞 = 0,±1
Δ𝑠 = 𝑠′ − 𝑠 = 0
Δ𝑚𝑠 = 𝑚𝑠

′ −𝑚𝑠 = 0

q = helicity of light (i.e., polarizations lin., RCP, LCP)

Note again: electron-spin direction is conserved
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Interaction of polarized photons with matter

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

Motivation: Understand polarization dependent 2p ➔ 3d transition in ferromagnets,

i.e., XMCD effect

Fe

Spin-orbit coupling: |𝑛, 𝑙, 𝑠, 𝑗, 𝑚𝑗 > are good quantum numbers!
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Atomic core-shell states are split due to spin-orbit split interaction (use in next lecture)

➔ Clebsch-Gordon coefficients C

> Absorption (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter

Table 2
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Interaction of polarized photons with matter

> Absorption & Resonant scattering (qm concept, Fermi’s golden rule) 

Motivation: Understand polarization dependent 2p ➔ 3d transition in ferromagnets,

i.e., XMCD effect

Fe

For d-states the spin-orbit coupling is small but there is crystal-field splitting
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Itinerant d-states are split due to crystal field

(can be neglected in a good approximation as splitting is small

➔ use atomic wave functions without SOC; lecture on 30.6.)

> Absorption (qm concept, Fermi’s golden rule) 

Interaction of polarized photons with matter
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