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Methoden moderner Rontgenphysik:
Online Info

Tuesday Zoom-Meeting
https://desy.zoom.us/|/92674682486

Meeting ID: 926 7468 2486
Passcode: 144456

Thursday Zoom-Meeting
https://desy.zoom.us/|/99738625981
Meeting ID: 997 3862 5981
Passcode: 841881

Tutorial Zoom-Meeting
https://desy.zoom.us/|/95288979489
Meeting ID: 952 8897 9489
Passcode: 832350
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Methoden moderner Rontgenphysik:
Streuung und Abbildung

Part I
Basics of X-ray Physics
by Gerhard Grlibel (GG)

Introduction
Overview, Introduction to X-ray Scattering

X-ray Scattering Primer & Sources of X-rays +Synchrotron Radiation
Elements of X-ray Scattering, Laboratory Sources, Accelerator Bases Sources

Reflection and Refraction from Interfaces
Snell’s Law, Fresnel Equations

Kinematical Diffraction (1)
Diffraction from an Atom, a Molecule, from Liquids, Glasses, ...

Kinematical Diffraction (I1)
Diffraction from a Crystal, Reciprocal Lattice, Structure Factor, ...
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Methoden moderner Rontgenphysik:
Streuung und Abbildung

Small Angle Scattering, and Soft Matter
Introduction, Form Factor, Structure Factor, Applications, ...

Anomalous Diffraction _
Introduction into Anomalous Scattering, ...

Introduction into Coherence

Concept, First Order Coherence, Spatial Coherence, Second Order Coherence, ...

Coherent Scattering
Imaging and Correlation Spectroscopy, ...
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E”“““‘”
The Liquid Structure Factor

Consider mono-atomic or mono-molecular systems:

I(Q) = f(Q)?, X el T em = f(Q),X,X e
with f(Q) form factor

separate summations

[(Q) = Nf(Q)? + f(Q)?,, X2 €' ~Tm)
Replace m=n sum by integral and separate out average density p,;:

1(Q) = Nf(Q)? + f(Q)? Xl [Pn(Tpm) — Pae] €AV, + £(Q)2 p, 2 ) €1n~Tm)qV,
\_

~ ~ S -

lsro (Q) lsaxs (Q)
measures short-range order (SRO) since contributes only for Q - 0
Pn(rm) = pa: after few atomic spacings (otherwise oscillates to zero)

and the term oscillates then towards zero

where p,(r,,) dV,, is the number of atoms in element dV,, located at r,, - r,, relative to r,,.
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Small Angle X-ray Scattering (SAXS)

— £2 1Q(rn -
Isaxs(Q) = f Zj par €U TIm)dV,, N
n \ :
. 1 7 /‘\
= f* Z el I Pat e~ QUm de g
n \ 8
" 3 5
= I Pat elanan I Pat e_lQrdem )
AV \"
Monochromatic .
- — ¢ Isotropic sample
azimuthal average

- 2
= Isaxs(Q) = | I py €dV|
Vv

Log (Intensity)

NN

Wavevector Q [A”]

Wlth Ps1 = fpat
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SA&(S (Form Factor)

The form factor of isolated particles

ISAXS(Q) - (psl,p - psl,0)2|jv eiQrdelz
Y

Where py ,, psio are the scattering length densities of the particle (p) and solvent (0) and V,, is the volume of

the particle.
Using the particle form factor F(Q) — I lQrdV
one finds [g,ys(Q) = Ap? Vzp IF(Q)| with Ap = pg1p — Psio

The form factor depends on the morphology (size and shape of the particles) and can be evaluated

analytically only in a few cases:

For a sphere with radius R one finds:

R2m T 1 R (Q )
_1 iqr cos(@) . _1 j sin(Qr 2
F(Q) v, j j j e r<sin6 doddedr v, 4n—— or dr
0

sin(QR) — Qr cos(QR) _ _J1(QR)
(QR)? QR

with J,(X) : Bessel function of the first kind.

For Q->0: [F(Q)? =1 and Isaxs(Q=0) = Ap? V?,
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Experimental Set-up (SAXS)

Consider objects (nano-structures) of sub-um size

sing = (Q/2) / k = (Qeh)/ 4T nanoparticles
tan (2) =d /L
k!
k 20
B —— =
L .
Q ® § = 2/dp 00 = 21T/ 628A = 0.01 A

6= sin! (QeA/A4) = sin' (0.01A-1e1A /41) ~ 0.0456 deg
d=Letan (26) =2 m# 1.58°10 = 3.183 mm screen
2-D detector

0@
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Form Factor for Monodisperse Spheres

Simulated monodisperse spheres of radius 10nm and 20 nm

10° - 10° RS
~ 10 .
= 5
5 e
= D 107}
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
T —1
QAT QA7)
sin(QR) — Qr cos(QR)
F(Q) = 3 :
(QR)
10
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Form Factor for Monodisperse Spheres

10
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The Small Q Limit: Guinier Regime

For QR - 0:
o (QR)° (Q )° (QR)* = (QR)4
FQ) (QRP[QR" 120'_""_QR(1_ 2 24 )]
. (QRY?
~1=70
Thus:

R)2]” R)2
(@ =92, [1- G =g, -

Thus the QR - 0 limit can be used to determine the particle radius R via:

I ~ Ap? V2 _(@QR)? Note: if x << 1
saxs(Q) = Ap p e 5 then e—* ~ 1 — x

Thus:  plotting In [Igays(Q)] vs. Q? reveals aslope ~R?/5 = R
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The Large Q Limit: Porod Regime

For QR >> 1. wavelength small compared to particle size

sin(QR) cos(QR) N cos(QR)

= — ~ _ 7 sm(x)
FQ =3 (QR)? (QR)2 (QR)2 Note: limy_,,,—— =10
2 (QR)> 9Ap? V3
— 9Ap2 Vz <cos = S(O0R)*
lsaxs(@ = (QR)4 (QR) Note: lim cos?(x) = 1/2
Thus: ~= e
us:  IsaxsQ 9
Guinier Analysis, QR <1 Porod Analysis, QR >1
0 10 =
e 11110 ; —100%
§ 2 [ | ——200A0 f 8 2004
o 4 B c
& =
g s
3 g
& S
(@)
-10 - 0 :
0 0.001 0.002 i3 i -0.5
Ga] log10(Q)
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Radius of Gyration

Radius of gyration: root mean square distance from the particle’s center

V,

1
2 _ 2
RE = jrdvp

Analytical solution for uniform spheres: R?; = %Rz

2
Remember: ISAXS(Q)zApZ Va2 e‘(Q? (Guinier Regime)

—(ORr)2
[SMS(Q)w Ap2 VB ¢~ 5

- Now the radius of gyration can be extracted from the Guinier plot.
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Form Factor and Particle Shape

1 .
FQ) =+ j eV,
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Polydi ity

Realistic ensembles of particles display a certain distribution of particle sizes that

shall be distributed by a distribution function D(R). Thus the scattering intensity
may be written as

00)

Isaxs(Q) = Ap? J D(R) Vp(R)2 |F(Q R)|*dR
0
with J*D(R)dR = 1. Afrequently used distribution function is the so-called
Schultz function:

Z+1 yA R
[ Z + 1 ] R— e(—(Z+1)$)
<R> I'z+1)

. <R> isthe mean particle size
z is a measure of the polydispersity

Intensity [arb. units]

4
10 ' | L 1 )
0 0.05 0.1 0.15 0.2

QAT
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Structure Factor

Interparticle interactions:

S(Q): structure factor

[saxs(Q) = Ap2 Vzp IF(QI* S(Q)

S(Q) can be modeled via Rescaled Mean

Spherical Approximation (RMSA)

Input parameters for RMSA are:
« Particle radius

* Volume fraction ®  for ® =0 (no interparticle interaction) = S(Q)=1

« Charge per particle
« Electrolyte (mol)

* Temperature

* Permittivity
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SAXS Experiment

for spherical particles: 1(Q)=F(Q)eS(Q)

* measure 1(Q) 108
* model F(Q)
* model S(Q)

~ T T !

"~ F@

Intensity [a.u]

Logscale [a.u.]

0 2 4 6 8 10 ¥ 0 0.004 0.008 0.012 0.016
oA
QR
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Methoden moderner Rontgenphysik II:
Streuung und Abbildung

Small Angle Scattering, and Soft Matter
Introduction, Form Factor, Structure Factor, Applications, ...

Anomalous Diffraction _

Introduction into Anomalous Scattering, ...

Introduction into Coherence
Concept, First Order Coherence, ...

Coherent Scattering
Spatial Coherence, Second Order Coherence, ...

Applications of Coherent Scattering
Imaging and Correlation Spectroscopy, ...
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Resonant Scattering (phasing, magnetism,..)

Scattering length of an atom: -1, F2(Q)
f9(Q) atomic form factor (fourier transform of charge distribution)

Mo thomson scattering length of single electron

in order to include absorption effects (f ”) - a more
elaborate model than the free electron gas is needed

—— Electrons are bound to atoms

Forced oscillator modell with
> resonant frequency w, and
damping constant I

include dispersion corrections (f', f”): [note: f" = (k/4TTr1,) G,]
f(Q, w) =10 (Q) +f’'(w)+if”"(w) [in units of r]
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Resonant Scattering

What can we measure?

r @) b (b)

Ga,K

Photon energy Photon energy

9(w,) (d)

Photon energy Photon energy

The absorption cross-section g, as a function of the photon energy
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Resonant Scattering

classical model of - -
A . equation of motion
an electron bound  Ejn(r,t) =X E, exp{-iwt} of the electron

in an atom in E field

3 : 2 e Eo : [ = damping
- - exp{-iwt
X+IX+ X = ( m ) Pt} W resonant
frequency
Solution: X () = xo exp{-iwt} =——>  Xo = - ( € B ) . 12 ; (A)
m (Ws — w — iwl)

radiated field strength at _ e il
distance R and time t Eaa(R) = (4Tc g0 RC ) X (t=Ric) (B)

T

acceleration at “earlier” time (t-R/c)

Methoden moderner Roentgenphysik - Vorlesung im Haupt/Masterstudiengang Physik, Universitaet Hamburg,

22 $S2021 G. Gruebel



Resonant scattering

inserting x (t—R/c) = W Xo exp{-iwt} exp{i(w/c)R} using (A) into (B):

w ) Eo exp{-iwt} (exp{lkR})

Eoa (R/1) =
R (rame

or Ea(R,T) ] W (exp{lkR})

r
Ein : (ws —w+ lwl)

— _/

atomic scattering length f, (in units of —ro) for bound electron (C)
note: f, 2 1 (w >>w,)

total cross-section: o7 = (81/3) r,2 (free electron)
4 2
(8Tr ) W fo
(W — ws)? +(wr) 2
for=0and w << wg: o7 = (81/3)r,? (w/wg)*: “Rayleigh Scattering”
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Resonant scattering

2
W

(wz— ws + lwl)

fs =

2

2 - 2 -
W—ws + 1wl + ws - 1wl
2 2
(W —ws +iwl)

2 -
_ 14 (zus-iwl'.
(W—ws +iwl)
2
= 1+ 2 (2DS_
(W—ws +iwl)
— ~— _/

dispersion correction y(w)

2
w) =f.+if", =——
X(w) (W—ws + iwl)

24

Dispersion corrections

fr- Ws (wz— wi)
T (W= ws) Hwh)
£ — (JJZS wl

(W= ws) Hwh)

Methoden moderner Roentgenphysik - Vorlesung im Haupt/Masterstudiengang Physik, Universitaet Hamburg,
SS2021 G. Gruebel



Resonant scattering

The absorption cross-section for a single oscillator model is given by
f" =-(k/4try) o, (see J. A-N. & D. McM. p. 70)

2

ws I
(W — ws) +(wl)

Oas(W) = 4TI C

this function has:
- sharp peak at w = ws
- A(UFWHM =~ [

thus o, ; may be written with help of a delta function:

Oas(W) = 41T 10 C -1-21 O(W — W)

25 Methoden moderner Roentgenphysik - Vorlesung im Haupt/Masterstudiengang Physik, Universitaet Hamburg,
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Resonant scattering

The experimentally observed absorption cross-section is NOT a single
line spectrum as suggested by (D).
There is a continuum of free states above an absorption edge that the

electron can be excited into. This implies a series of different w,:

——

(a) (b)

Photon energy Photon energy

Photon energy Photon energy

The absorption cross-section o, as a function of the photon energy
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Resonant scattering

Absorption cross section for multiple harmonic oscillators:

0u(w) = 2TThC 3 g(ws) 5(w — ws)

where g(ws) is the relative weight of each transition

The real part of the dispersion becomes:

f ’(U)) = % g(ws) f’s (U),U)s) (F)

(F) does not describe e.g. “white lines” or “EXAFS” oscillations
(see figure) in the absorption cross section arising from the particular
environement of the resonantly scattering atom.
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Resonant scattering

measure absorption cross-section to obtain f ”:

flw) = -( ) ox(w) (E)

41T C

use Kramers-Kronig relations to obtain f '

00 +0C o
flw) = = P [ (W) gw = Zp [ “"I(“’Z) dw
T 7 (w-w) o (W —w)
+ 0 ‘ + 0 o
flw) =- Lp f f‘(w) dw =-2%p [ f‘(;.k)) dw
™ 7 (w-w) mo (W—-w

28

P stands for “principal value” (see also comments J. A-N & D. McM p. 242)
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ASAXS- Anomalous SAXS

at P12 beamline EMBL Hamburg

(@) (b)
- far from the edge - o 10 mg/ml
E 2x107 [
- at the edge L 5 mg/ml
[ i o I mg/ml
— 1073 | ’—g C JWN‘1—’«'7:2rsil‘i"zlx".?:»l'tm,:c;m:cmmtrr_sLl«:*’\izr'ﬁ
kT - 3} -
I &t
B : ._I‘o ]0—3 -
‘é I _5 :
3 2 L
: - p—
S rEE z I
» L o
- : -
C — - X
o - OQ)% %O;O
L 0OFo O
I 3
0°g T, SIS (SR
0 2 6 0 2 4 6
s [nm™] s [nm]

Gruzinov et al.
Volume 28 | Part 3 | May 2021 | | 10.11107/S1600577521003404

JOURNAL OF
SYNCHROTRON
RADIATION

(@)

(b)

Computed curves far from the
absorption edge and at the
absorption edge from parvalbumin
(PDB: 4cpv) with calcium atoms
substituted by terbium (absorption
edge 7514 eV) at a protein
concentration of 10 mg ml™",
Difference in the intensity between
the computed curves far from the
absorption edge and at the
absorption edge from parvalbumin
(PDB: 4cpv) with calcium atoms
substituted by terbium (absorption
edge 7514 eV) at different solute
concentrations. The curves are
shifted for the better
representation.
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ASAXS- Anomalous SAXS

(@)

~
)
~

Br K-edge

(a) SAXS scattering curves
from potassium

0.25 - : _ m
I oy sasev 2 0 : bromide solution in
- Té 0.8 : water measured at
- N 13515 eV s | ; different energies.
£ g :
8 ol 13490 eV Z o6l : _
2 | Z (b) Normalized constant
5 2 | offset determined for
= 0.1 £ 04 .
= g each curve in (a)
. gt plotted against energy
' LRy | Eigy of incoming X-rays.
sl The dashed line shows
o | O—— ;3.0 0V "
. 1 . . . the position of the
1 1 1 1 0 1 .
0 5. 10 15 20 13400 13450 13500 bromine K-edge.
s [nm™] Energy [eV]
; L O Gruzinov et al.
5 RADIATION Volume 28 | Part 3 | May 2021 | | 10.11107/S1600577521003404
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