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I
n
t
r
o
d
u
c
t
io
n

N
o sam

ples are infinite. A
 surface alw

ays exist!

In 
sim

plest 
approxim

ation 
(

B
orn 

approxim
ation

) 
the 

scattered intensity is given by the 
F

ourier T
ransform

ation 
of the electron density

.

H
ow

 does the 
presence of a 
surface effects 
the scattered 

signal?

=
 |F
 {ρ(r)}| 2
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Iq
∝∣∫


rexp

iq⋅⋅⋅ ⋅rd
3r∣ 2

=
.

ρ(r)
ρ

∞ (r)
S(r)

=
.

 real sam
ple       =

        infinite sam
ple         ·    shape function

E
stim

ate of the surface effects on the scattering

T
he infinite sam

ple density could be a crystal lattice (→
 B

ragg peaks)

T
he shape function could be a cube (for a cube shaped sam

ple)

I(q) =
 |F
 {ρ(r)}(q)| 2 =

|F
 {ρ

∞ (r)S(r)}(q)| 2 
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In the follow
ing the so called convolution  f1 (y)⊗

f2 (y)

of tw
o functions f1 (y), f2 (y) is im

portant
  D

efinition
 :    {f1 (y)⊗

f2 (y)}(x) =
   f1 (y)f2 (y-x)dy
∫

⊗
=

⊗
=

⊗
=
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I(q) =
 |F
 {ρ(r)}(q)| 2 =

|F
 {ρ

∞ (r)S(r)}(q)| 2 

In B
orn approxim

ation the scattered intensity is given by:

E
xtrem

ely im
portant:       T

he C
onvolution T

heorem

F
 {f1 ⊗

f2 }(q)
 =
F
 {f1 }(q)⋅F

 {f2 }(q) 

P
roof of the C

onvolution T
heorem

:

F
 {f1 ⊗

f2 }(q)
 =
F
 {

  f1 (y) f2 (x-y)dy}
(q)

∫
∫∫

 =
    f1 (y) f2 (x-y)dy exp(iqx)dx                    substitute :  x-y =

 w

∫∫
 =
    f1 (y) f2 (w

) exp(iq[w
+

y])dw
dy 

∫
∫

 =
    f1 (y) exp(iqy)dy   f2 (w

) exp(iqw
)dw

 

=
 F
 {f1 }(q)

F
 {f2 }(q)
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F
 {f1 ⋅ f2 }(q)

 =
{
F
 {f1 }⊗

F
 {f2 }}(q)

F
rom

 the C
onvolution T

heorem
 follow

s :

P
roof:

F
 -1{f1 ⋅ f2 }

 =
F
 -1{
F
 {
F
 -1{f1 }}⋅{

F
 {
F
 -1{f2 }}}

=
F
 -1{
F
 {F

1 }⋅F
 {F

2 }}   w
ith  F =

 F
 -1{f} 

               =
F
 -1{
F
 {F

1 ⊗
F

2 }} =
 F

1 ⊗
F

2 

               =
 F
 -1{f1 }⊗

F
 -1{f2 }

T
he Inverse F

ourier T
ransform

ation O
perator  F

 -1   can be replaced
by the F

ourier T
ransform

ation   F
    w

ithout violating the proof.

I(q) =
 |F
 {ρ(r)}(q)| 2 =

|F
 {ρ

∞ (r)S(r)}(q)| 2 

       =
 |{
F
 {ρ

∞ (r)}⊗
F
 {S(r)}}(q)| 2 =

 |F
 {ρ

∞ }⊗
F
 {S}| 2

T
hus:
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1. E
xam

ple:
N

  atom
s on a 1-dim

ensional crystal lattice 
 

     lattice distance is   a

x x
a

W
ith the delta-function     δ(x-x

0 )=
 〈

∞
     :  x =

 x
0

0      :  x ≠ x
0

and     δ(x-x
0 )dx =

 1
∫

and the shape function        S(x) =
 〈

1    :  -N
a/2 <

 x
  <

+
N

a/2

0     :  otherw
ise

I(q) =
   S(x)

·    ρ
0 δ(x-na+

a/2)exp(iqx)dx    =
  F{

S(x)
·    ρ

0 δ(x-na+
a/2)}

(q)
∫    Σ ∞

       n=
-
∞

 Σ
∞

n=
-
∞

|
| 2

|
| 2
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I(q) =
 F{

S(x)
·    ρ

0 δ(x-na+
a/2)}

(q)
 Σ

∞

n=
-
∞

| 2
|

 Σ ∞

n=
-
∞

|
| 2

=
 F

{S(x)}⊗
F{

    ρ
0 δ(x-na+

a/2)}
   

⊗
=

F
{S(x)}(q) ~    sin

q 2
N

aq
2

(
)

F
ourier transform

ation 
of the shape function :

F{
    ρ

0 δ(x-na+
a/2)}~   δ(q-2πn/a)   

 Σ ∞

n=
-
∞

 Σ ∞

n=
-
∞

F
ourier transform

ation 
of an infinite lattice:

B
ragg peaks are m

odified: Laue oscillations
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R
esult:

D
ue to the convolution w

ith the shape function the
scattered signal from

 the sam
ple is m

odified.

(1) Lim
ited beam

 size
(2) Lim

ited penetration
(3) B

eam
 size >

>
 penetration

Illum
inated part contains

only one surface

e.g.:S
cattering becom

es sensitive to all properties of the illum
inated 

surface via the special shape function  S(r). 

S
ingle surface

R
ough surface

Layer system
A

m
orphous
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S
cattering m

ethods:
 

(1) If the sam
ples are crystalline: T

he shape of the B
ragg-peaks

     are m
odified    ⇒

    C
rystal T

runcation R
ods  (C

T
R

)

(2) N
on-crystalline sam

ples    ⇒
    no real B

ragg-peaks, but the 
     zero order B

ragg-peak at (0,0,0) (the prim
ary beam

) is 
     m

odified     ⇒
    R

eflectivity
     (Is also used for crystalline sam

ples, if the crystallinity is of
     no interest).

(3) G
razing Incidence D

iffraction (G
ID

) to analyze crystalline 
in-plane properties  (also depth dependent).

(4) D
iffuse scattering around the C

T
R

 or the reflectivity to learn
about non-crystalline in-plane properties.
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C
rystal T

runcation R
ods (C

T
R

)
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W
ith C

rystal T
runcation R

od m
easurem

ents (C
T

R
)

structural properties of surfaces 
and thin film

 system
s at C

R
Y

S
T

A
LLIN

E
 sam

ples
can be investigated on a 

nanoscale
.

C
T

R
 sensitive

C
T

R
 insensitive

C
T

R
 sensitive



A
n infinite crystal lattice has δ-like B

ragg-peaks: A
t a particular

q-vectors (depending on the incident and exit angles) scattered 
intensity can be found. In B

orn approxim
ation (I

scatt  <
<

  I
0 ):

e.g.: [001]-orientation of the crystal
        scan-m

ode : incident angle =
 exit angle

        (001), (002) ... -reflections w
ill appear during the scan

α
i

a
f

q
001

q
002a

f
a

i

z

x
q

I
qx

z

(001) (002) (003) (004) (005)

(00n) B
ragg-peaks 

in  q-space 
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I(q) =
 |F
 {ρ(r)}(q)| 2 =

|F
 {ρ

∞ (r)S(r)}(q)| 2

α
i

a
f

q
001

z

x

q

I
qx

z

(001) (002) (003) (004) (005)

(00n) B
ragg-peaks and 

crystal truncation rods 
along q

z

α
i

a
f

q
001

⊗
F

{    }
F

{    }

⊗
F

{    }
F

{    }

z

x
q

I
qx

z

(001) (002) (003) (004) (005)

(00n) B
ragg-peaks and 

asym
m

etric 
crystal truncation rods

C
onsidering a sim

ple surface

C
onsidering a m

ore com
plicate surface
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C
alculation of C

T
R

s

C
rystals are m

ade from
 unit cells

 w
ith base vectors a, b

, c  
[volum

e  a·(b×c) ] containing  M
  atom

s w
ith density  ρ

j (r)   at the 
positions  R

j =µ
j a+ν

j b
+φ

j c   w
ith    µ

j , ν
j , φ

j  < 1

a

b

c

each unit cell repeats at   n
1 a+

n
2 b

+
n

3 c  w
ith   n

1 , n
2 , n

3  ∈
 ℕ

S
urface S

ensitive X
-ray S

cattering 
16

electron density of the crystal:


r
=
∑n

1 =
1

N
1

∑n
2 =

1

N
2

∑n
3 =

1

N
3∑j=

1

M


j r


n

1 a


n
2 b


n
3 c


R
j 

=
∑n

1 ,n
2 ,n

3 ∑
j
∫


j u


u


r


n
1 a


n
2 b


n
3 c


R
j d

u

scattering am
plitude   A

(q
) :

A
q=∫


re

iq⋅rd
r=∫

∫
∑n

1,2,3 ∑
j


j u


u


r
n

1 a
n

2 b
n

3 c
R

j e
iq⋅rd

u
d

r

=∫
∑n

1,2,3 ∑
j


j u

∫
e

iq⋅r
u


r
n

1 a
n

2 b
n

3 c
R

j d
rd

u

=∑n
1,2,3 ∑

j ∫

u
e

iq⋅
u


n
1 a

n
2 b

n
3 c

R
j d

u
=∑n

1,2,3 e
iq⋅n

1 a
n

2 b
n

3 c∑
j

e
iq⋅R

j[∫


j u
e


iq⋅ud

u]

=∑n
1,2,3 e

iq⋅n
1 a

n
2 b

n
3 c∑

j

f
j qe

iq⋅R
j=

S
f q∑n

1,2,3 e
iq⋅n

1 a
n

2 b
n

3 c

        fj (q) 
form

 factor 
S

j (q) structure factor 
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e.g. B
ulk crystal and a thin film

 crystal, infinity in x and y  and -z

−∞

∞

∞

−∞
−∞

thickness d
z=

0

B
ulk scattering am

plitude (truncated a z=
0 and shifted by -d) 

A
b

u
lk q

=
e


iq
z d

S
f

,b
u

lk q

∑n
x =


∞

n
x =

∞

∑n
y =


∞

n
y =

∞

∑n
z =


∞

n
z =

0

e
iq⋅n

x a
bu

lk 
n

y b
bu

lk 
n

z c
bu

lk 

A
film

q
=

S
f

,
film

q

∑n
x =


∞

n
x =

∞

∑n
y =


∞

n
y =

∞

∑n
z =


N

n
z =

0

e
iq⋅n

x a
film


n

y b
film


n

z c
film



F
ilm

 scattering am
plitude (truncated a z=

0 and z =
 -N

 unit cells) 

S
cattered Intensity

I
q
=
∣A

film
q


A
b

u
lk q

∣ 2

E
xam

ple: R
econstruction of S

i-(001)S
urface
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001

100
010

-1-10

1-10

B
ulkS

ilicon unit cell
(diam

ond structure
w

ith a =
 5.431Å

)

S
urface

C
ut of crystal

results into 
unterm

inated 
bonds (orbitals)



C
T

R
s of un-reconstructed S

i-(001)S
urface
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1) 00L scan looks easy
    (the dips m

ark the position 
     of forbidden reflections and 
     are caused by num

erical 
     problem

s)
2) 11L and 1-1L scans are 
     identical  
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unterm
inated orbitals

T
o low

er the free engery
the orbitals unterm

inated 
orbitals try to bond. T

his 
deform

s the lattice.
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001
100

010
-1-10

1-10

P
ossible relaxation: F

orm
ing “double rods” along 110-direction

90° turn looks pretty m
uch 

like unrelaxed surface

-1-10

1-10 110
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C
T

R
s of sim

ple “dim
er rod” reconstructed S

i-(001)S
u

rface
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1) 00L scan has not changed
    (no change in z-direction)
2) 11L has not changed
    (in this direction identical to 
     unrelaxed lattice)
3) slight changes is 1-1L :
    breaking of sym

m
etry ->

    additional sm
all peaks
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001
100

010
-1-10

1-10

010

100
1-10

-1-10

0.43Å
0.81Å

0.31Å
001

actual 
situation:

strained
“dim

er rod”
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001
100

010
-1-10 1-10

R
esulting 2x1 lattice reconstruction 

the of 001 S
ilicon surface
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C
T

R
s of  “strained dim

er rod” reconstructed S
i-(001

)S
urface

1) 00L has changed (atom
s 

    lifted)
2) the additional break in 
    sym

m
etry causes the 

    11L and 1-1L to be
    different.S

urface S
ensitive X

-ray S
cattering 
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C
rystal T

runcation R
ods

- C
T

R
 m

easurem
tents are applicable for crystalline sam

ples O
N

LY

- T
hey are sensitive to very sm

all displacem
ents of atom

s near 
   the surface

- F
or full inform

ation about the sam
ple, three or m

ore linear 
  independent C

T
R

s are necessary

- In B
orn approxim

ation (I
scatt  <

<
  I

0 )

     w
ith ρ

∞ (r) the periodic infinit electron density 
   and S(r) the shape function.

I(q) =
 |F
 {ρ(r)}(q)| 2 =

|F
 {ρ

∞ (r)S(r)}(q)| 2


