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X
-ray D

iffu
se S

catterin
g

 fro
m

 S
u

rfaces
● Interfaces and surfaces are usually N

E
V

E
R

 perfectly sm
ooth

● R
ough interfaces can be described in term

s of different m
odels

  (fractal roughness, capillary w
aves ...)

● T
he different m

odels are described by different param
eters

● H
ow

 is the roughness developing from
 interface to interface in 

  a m
ultilayer system

perfectly correlated
uncorrelated interfaces

partially correlated
perfectly anti-correlated
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D
e
s
c
rip
tio
n
 o
f a
 S
in
g
le
 S
u
rfa
c
e

e.g. m
acroscopically rough surface (w

ater)

typical in-plane distance (long)

typical in-plane distance (short)

typical am
plitude

1-dim
 cut 
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H
ow

 to describe
the interface?

1) D
escription via a real-space surface function  z(x,y)

     - is only useful for w
ell-defined structures

     - is useless for statistical surface

2) D
escription via a surface function in F

ourier space

 zq
x ,q

y =∫
zx,yexpi[q

x x
q

y y]dydx=
{zx,y}
F

- the description in F
ourier space is equivalent to real-space

- w
hat is the advantage ????
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R
e
a
l-s
p
a
c
e

F
o
u
rie
r-s
p
a
c
e

E
ach 

oscillation 
(so

-
called

 m
o

d
es) in real-

space m
akes a peak 

in F
ourier-space

2 m
odes

S
eparation of 

am
plitude &

 phase

 zq
x ,q

y =
∣ zq

x ,q
y ∣exp[i

q
x ,q

y ]

C
haracteristics

 of 
the 

surface 
are determ

ined by the am
plitude

S
pecial realization

 of the surface 
is 

determ
ined 

by 
the 

phase 
(usually not of interest)

am
plitude          phase

10 m
odes

10 m
odes
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If the phase is not of interest, take absolute square:   

 zq
x ,q

y  zq
x ,q

y  ∗=
∣ zq

x ,q
y ∣ 2=

C
q

x ,q
y 

C
(q

x ,q
y ) is the so-called P

ow
er S

pectral D
ensity (P

S
D

)
T

he P
S

D
 is a m

easure of the num
ber of w

aves of a
particular w

avelength 
 

~

G
o
o
d
 p
o
in
ts
 fo
r th

e
 P
S
D
 :       

1) is independent from
 the special realization of the surface

2) is connected w
ith physical properties e.g.

 
    dynam

ical susceptibility of liquid surfaces

C
q

,
=

2
k

B
T
ℑ
{

z
z q

,
}


3) F

ourierbacktransform
ation yields the so-called 

    auto-correlation function  C
(x,y)

C
x,y=∫

zX
,YzX


x,Y

ydXdY=∫
Cq

x ,q
y exp

i[q
x x

q
y y]dq

y dq
x
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E
x
a
m
p
le
s
 o
f s
ta
tis
tic
a
l in

te
rfa
c
e
s

real space surface roughness
P

S
D

● S
am

e rm
s-roughness  σ

  used for all surfaces
● S

am
e in-plane correlation length  ξ  used

● T
he top three surface are created w

ith the sam
e phase  ϕ

(x)
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D
iffu

se X
-ray S

catterin
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 (P
rin

cip
le) 

scan

scan

perfectly sm
ooth:

only intensity in 
specular direction

(qx =
 0)

one m
ode:

side peaks at 
(qx ≠ 0)

scan
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scan
different w

ave 
vector of the 
m

ode shifts 
also qx

tw
o m

odes:
respective side 
peaks at (qx ≠ 0)

scan

1) R
ough surfaces are a collection of m

odes w
ith different am

plitudes, 
    phases and w

ave vectors. 
2) T

he m
odes create the respective scattering

    =
>

  diffuse scattering
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E
xperim

ent : incident angle θ ≠ 
                     exit angle θ'

often resolution in q
y  bad =

>
Integrated Intensity in q

y

D
iffu

se X
-ray S

catterin
g

 

not correlated
perfectly correlated

anti-correlated
som

e correlation

not correlated

     correlated

  anti-correlated
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 o
f o

n
e R

o
u

g
h

 In
terface in

 B
o

rn
 A

p
p

ro
xim

atio
n

● m
ultiple scattering effects are neglected

● refraction index is 1 (only the electron density is considered)
● w

rong for sm
all incident or exit angles (com

pared to critical angle)

I
diff
B

Aq=
4q

z 2



exp
q

z 2
2∫

 exp[q
z 2C

x
,y]

1 cosq
x x

q
y ydxdy

T
he diffusely scattered intensity depends on:

● the incident and exit angles  (via  q
x , q

y , q
z )

● the contrast (the density difference at the surface)   ∆ρ
● the roughness   σ
● the auto-correlation function  C

(x,y)

F
or sm

all q
z  :  

I
d

iff
B

A
q
≈

4




exp


q
z 2

2
C
q

x ,q
y 

In sim
plest approxim

ation the diffuse scattering proportional to P
S

D
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D
iffu

se S
catterin

g
 o

f o
n

e R
o

u
g

h
 In

terface 
D

isto
rted

 W
ave B

o
rn

 A
p

p
ro

xim
atio

n
 (D

W
B

A
)

● m
ultiple scattering effects are taken into account via 

  transm
ission functions

● refraction index is considered
● only valid vor sm

all  σ
q

z

F
or a single surface:

I
d

iff
D

W
B

Aq
≈

∣t
f 

∣ 2I
d

iff
B

A
q
∣t

f 
'∣ 2

w
ith

F
resnel transm

ission coefficient
and

k=
2

/
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incident angle
θ =

 0

exit angle
θ' =

 0

Y
oneda-w

ings
(am

plifications of 
the scattering at 
the critical angle)

R
ocking scan (detector angle fixed, rotating sam

ple)
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E
x
a
m
p
le

 : C
apillary w

aves 
(therm

ally induced surface fluctuations of liquid surfaces) 

E
ven liquids do not have a perfectly sm

ooth surface!
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T
heoretical description by the equilibium

 of forces at the surface.

B
reak of sym

m
etry

at the surface =
>

R
esulting force directed

to the bulk =
>

su
rface ten

sio
n

E
quilibrium

 in the liquid: balance of forces =
>

 N
avier S

tokes E
q.


∂∂
t v=


∇

p



v

w
ith boundary conditions: 


zz =


∂

2

∂
2z

u
z 

g


u
z

ρ 
: density, 

v : velocity
p 

: pressure, 
η

 : viscosity
σ

zz
: from

 stress tensor

γ 
: surface tension

g 
: gravitational constant

u
z  

: displacem
ent at surface
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16 W

ith this know
ledge the d

yn
am

ical su
scep

tib
ility 

can be calculated.
χ

zz  describes the response of the surface on extranal forces and 

depends on the frequency ω
 and the w

ave vector q. 
zz q

,
=

u
z /p

z

T
he e

q
u
ip
a
rtitio

n
 th
e
o
re
m

 states that each therm
ally excited 

surface w
ave (m

ode) has in average the energy k
B T

. 
T

he P
S

D
 of the m

odes can be calculated by:

C
q

,
=

2
k

B
T
ℑ
{

z
z q

,
}



In the static case for a bulk liquid (average in tim
e)

C
q
=

k
B
T

4


2 [
q

2
g

]


1
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after 2-dim
 F

ourier-backtrans-
form

ation leads to a logarithm
ic 

auto-correlation function C
(r)

C
r
=


k

B
T

2


2 [
ln

g


r 
0
.5

7
7

2]

C
q
=

k
B
T

4


2 [
q

2
g

]


1

W
ith logarithm

ic auto-correlation function C
(r) the diffuse scattering in 

B
orn approxim

ation is for q
2 > gρ/γ  in good approxim

ation given by 

I
diff

,liquid
B

A
q
~

q
x k

B T

2



q

z 2
1

q
z  -dependent pow

er low
: slope 

contains the surface tension
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Y
oneda peak

P
icture taken from

 S
anyal et al.

P
hys.R

ev.Lett 66, 628 (1991)

X
-ray diffuse scattering 

at a liquid ethanol surface

F
rom

 the data extracted 
param

eters:
R

oughness 
=

 0.69nm
surface tension 

=
 0.022N

/m
(exactly the know

n value)
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S
u
m
m
a
ry

● R
ough surfaces and interfaces can be described via their pow

er
  spectral density (P

S
D

) or their auto-correlation function.

● T
he P

S
D

 is m
easure of the num

ber of m
odes in a w

ave vector 
  interval. 

● R
ough interfaces w

ill cause diffuse x-ray scattering.

● D
iffuse x-ray scattering can be calculated in B

orn approxim
ation

  and in D
W

B
A

 (better). T
he form

ular contains the P
S

D
 of the 

  interface.

● T
he P

S
D

 of liquids contain m
acroscopic m

aterial param
eters such 

  as tem
perature, surface tension and density.

  T
hese param

eters show
 up in the diffuse scattering.


