
Center for Free-Electron Laser Science
CFEL is a scientific cooperation of the three organizations: 

DESY – Max Planck Society – University of Hamburg

Fundamentals of X-ray interaction 
with matter
Sang-Kil Son 
Center for Free-Electron Laser Science, DESY, Hamburg, Germany 
——————————————————————————————— 
DESY Summer Student Lectures ‘Photon Science’ 
August 3 and 7, 2017



Sang-Kil Son  |  Fundamentals of X-ray interaction with matter | August 3 and 7, 2017 |       / 60
Center for Free-Electron Laser Science
CFEL is a scientific cooperation of the three organizations: 

DESY – Max Planck Society – University of Hamburg

Outline

> First day (August 3, 2017) 

! Introduction 

! Theory of X-ray–matter interaction 

! X-ray absorption 

> Second day (August 7, 2017) 

! X-ray fluorescence 

! Auger decay 

! X-ray scattering 

! X-ray atomic physics on computer: XATOM
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What’s X-ray?
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1970 Mini Driver
July 2012

C-Type Print 2000 x 1189mm (79 x 47”)
Edition 5

C-Type Print 1189 x 707mm (47 x 27.5”)
Edition 25

Nick Veasey, 
1970 Mini Driver, 2012
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X-ray is…

4

> discovered by Wilhelm Röntgen in 1895 

> photon energy: 100 eV ~ 100 keV 

> wavelength: 0.01 nm to 10 nm 

> penetrability 

> element selectivity
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X-ray absorption

5

Hand with rings: Röntgen’s first medical 
X-ray in 1895 (Nobel prize in 1901)

C absorption ≪ Ca absorption

+ e–
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X-ray fluorescence

6

Archaeopteryx: False color SRS-XRF map, 
U. Bergmann et al., PNAS 107, 9060 (2010).

feathers were real; 
remnant chemical 

composition revealed 
by X-ray fluorescence
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X-ray scattering

7

Zinc blend: first published diffraction pattern 
of a crystal by Max von Laue in 1912 (Nobel 
prize in 1914)

Elastic X-ray scattering 
from a crystal makes 

diffraction pattern.
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X-ray crystallography

8

Myoglobin: first protein structure revealed 
by X-ray crystallography by John Kendrew in 
1958 (Nobel prize in 1962 with Max Perutz)

X-ray crystallography can 
reveal atomic structure of 

biological macromolecules.

Martin’s lectures on August 14/16
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High X-ray intensity

> Here we will discuss only one-photon absorption limit. 

> Later you will see more interesting physics with intense x-ray pulses.

9

Xe@4.5 keV

Robin’s lectures 
on August 10
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Main references
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http://xdb.lbl.gov R. Santra, J. Phys. B 42, 023001 (2010).

http://xdb.lbl.gov
http://dx.doi.org/10.1088/0953-4075/42/2/023001
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How to treat interaction between  
X-ray and matter?

11
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Total Hamiltonian

> X-rays interact with the electrons only 

> Non-relativistic quantum electrodynamics 

> Principle of Minimal Coupling 

> Time-dependent perturbation theory

12

Atomic units used:
me = 1

|e| = 1

~ = 1

1/4⇡✏0 = 1

(c = 1/↵, a0 = 1)

Ĥ = Ĥ
mol

+ Ĥ
EM

+ Ĥ
int
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Hamiltonian for free electromagnetic field

13

Hamiltonian for the free electromagnetic field (harmonic oscillator)

Commutator relations for 
photon mode operators

Field operator: creates or annihilates a photon in the mode (k,λ).
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[âk,�, âk0,�0 ] = 0
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Molecular Hamiltonian

14

Molecular Hamiltonian

Electronic Hamiltonian using the second quantization

Anticommutator relations 
for electron field operators
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Interaction Hamiltonian
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Interaction between electrons and photons  
(minimal coupling, Coulomb gauge)

Mode expansion of 
vector potential

p•A and A2
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p•A: one-photon absorption in first order; one-photon scattering in second order 

A2: one-photon scattering in first order
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Ĥ
0

+Ĥ
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Time-dependent perturbation theory
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Full Hamiltonian and unperturbed part 

Initial state:

Interaction-picture state vector to second order in perturbation

Transition rate to second order in perturbation
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X-ray absorption
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Initial state:

Final state:
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Absorption rate: 
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X-ray absorption

18

X-ray 
absorption rate

X-ray photon flux

X-ray absorption cross section

how to treat many-electron systems?
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Electronic many-body problem

19

Introducing a set of orthonormal spin orbitals
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Creation and annihilation 
operators for |φp⟩: ĉ†p and ĉp
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An electronic one-body Hamiltonian
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Mean-field model

20

Independent-electron model

Mean-field ground state in terms of a single Slater determinant

Mean-field ground-state energy

Ĥel ⇡ F̂

Hartree-Fock (HF) method: minimizing 

 the best choice among the mean-field models

h�Nel
0 |Ĥel|�Nel

0 i
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Koopmans’ theorem
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Note: Koopmans received a Nobel prize in Economics 
in 1975, of course, not because of this theorem.
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X-ray absorption within mean-field model
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Particle-hole state

Initial state

Cross section for particle-hole transition

Energy of excited electron

Subshell x-ray absorption 
cross section

“Photoelectric effect”
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Note: Einstein received a Nobel prize in 1921 for 
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Photoionization cross section calculation

> PCS changes by varying ω and Z; edge structures

23
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K-shell photoionization: a simple model

> Simple model of an atomic species of atomic number Z 
! 1s orbital ~ H-like 1s orbital of Z 
 

! photoelectron wave function ~ plane wave (assuming ωin ≫ I1s) 

> At fixed photon energy ω, 
Compare σC (Z=6) and σCa (Z=20):  (20/6)5 ~ 400 times 

> At fixed Z, 
For a given atom, the x-ray absorption cross section above the 1s 
threshold decreases with increasing photon energy.

24
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Table of photoionization cross sections

25

361212 USGPO DOE X-Ray Data  10/6/09  2:36 PM  Page 361212 USGPO DOE X-Ray Data  10/6/09  2:36 PM  Page 

or

running 
XATOM
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Applications of X-ray absorption

> X-ray photoelectron spectroscopy: measuring photoelectron energy 

! XPS (PES) 

! ESCA 

> X-ray absorption spectroscopy: measuring absorption cross section 
as a function of photon energy 

! XAS 

! XANES (NEXAFS) 

! EXAFS

26
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XPS: X-ray Photoelectron Spectroscopy

27

fixed

measured

PES: Photo-Emission 
(or Photo-Electron) 

Spectroscopy
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ESCA: Electron Spectroscopy for Chemical Analysis

28

fixed

measured

ESCA molecule:  
first molecule used for 
ESCA by Kai Siegbahn 
(Nobel prize in 1981)
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XAS: X-ray Absorption Spectroscopy

29

NE: depends on local coordination 
environment and oxidation state

E: depends on nearest-neighbor 
geometry

varied

solid target: 
transmission 

gas phase or very 
dilute target: 
fluorescence
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EXAFS: Extended X-ray Absorption Fine Structure

30

EXAFS reflects nearest-neighbor geometry and 
it is highly sensitive to changes in bond lengths.



Sang-Kil Son  |  Fundamentals of X-ray interaction with matter | August 3 and 7, 2017 |       / 60
Center for Free-Electron Laser Science
CFEL is a scientific cooperation of the three organizations: 

DESY – Max Planck Society – University of Hamburg

XANES: X-ray Absorption Near-Edge Structure

31

different 
coordination 
environments

different 
oxidation 

states

Also called NEXAFS: Near-Edge 
X-ray Absorption Fine Structure
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Summary

> X-rays can probe atomic structure and electronic structure of matter. 

> X-rays interact with the electrons only. 

> Hamiltonians for EM, molecule, and interaction between them 
 

> The mean-field theory for electronic many-body problem 

> Transition rate calculated within the time-dependent perturbation theory 
 

> The theoretical framework applied for calculating a photoabsorption 
cross section 

> X-ray absorption applications: XPS, ESCA, XAS, XANES, EXAFS, …

32
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Outline

> First day (August 3, 2017) 

! Introduction 

! Theory of X-ray–matter interaction 

! X-ray absorption 

> Second day (August 7, 2017) 

! X-ray fluorescence 

! Auger decay 

! X-ray scattering 

! X-ray atomic physics on computer: XATOM

33
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Decay of inner-shell-excited systems

34
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X-ray fluorescence within mean-field model

35
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���hF |Ĥint|Ii

���
2

Initial state:

Final state:

Partial X-ray fluorescence rate

F

X-ray fluorescence energy
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X-ray fluorescence transition lines

36
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Kα fluorescence: a simple model

> Simple model of an atomic species of atomic number Z 

! 1s orbital ~ H-like 1s orbital of Z 

! 2p orbital ~ H-like 2p orbital of Z 

> Kα photon energy:  

> Kα fluorescence rate:

37
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Auger decay within mean-field model

38

Initial state:

Final state:

Partial Auger rate
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Auger electron energies 

39
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KLL Auger decay: a simple model

> Simple model of an atomic species of atomic number Z 
! 1s orbital ~ H-like 1s orbital of Z 
! 2p orbital ~ H-like 2p orbital of Z 
! Auger electron wave function ~ plane wave 

> Focus on the channel with two 2p holes in the final state 

> KLL Auger electron energy:  

> KLL Auger decay rate: 

40
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Elastic X-ray scattering
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Elastic x-ray scattering cross section
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Differential cross section

Total form factor 
decomposed in terms of 
atomic contributions
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Atomic form factor
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Absorption vs. scattering
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Dispersive correction to elastic X-ray scattering

> Resonant elastic x-ray scattering: When the photon energy approaches 
to the ionization potential, the second order of p•A becomes important.

45

Elastic X-ray scattering tensor: second-order correction with p•A
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Dispersive correction to elastic X-ray scattering
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Elastic X-ray scattering in the forward direction

Scalar scattering factor

Total number of electrons

Relationship between imaginary  
part of scattering factor and 
absorption cross section

Kramers-Kronig relation
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Dispersive correction (anomalous scattering)
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X-ray scattering

> Elastic X-ray scattering 
! Non-resonant elastic X-ray scattering via A2 
! Resonant elastic X-ray scattering via p•A (Dispersion correction) 

> Inelastic X-ray scattering 
! Non-resonant inelastic X-ray scattering via A2 (Compton scattering) 
! Resonant inelastic X-ray scattering via p•A (RIXS or resonant X-ray Raman)

48

| el
I i = | el

F i | el
I i 6= | el

F i

elastic  vs.  inelastic without M  vs.  with M 

     (A2)               (p•A)
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Summary

> TD perturbation theory 

! Calculates photoabsorption cross section, fluorescence rate, Auger rate, 
scattering form factor and its dispersion correction (with second order)
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> X-ray fluorescence> Auger decay
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Applications

50
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XRF: X-Ray Fluorescence

51

Transition lines 
Kα1 : K1 – L3, 1s – 2p3/2 
Kα2 : K1 – L2, 1s – 2p1/2 
Kβ1 : K1 – M2, 1s – 3p1/2 

Kβ2 : K1 – N2,3, 1s – 4p1/2,3/2 
Kβ3 : K1 – M3, 1s – 3p3/2 

position: transition energy 
intensity: transition rate
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Hidden painting by Van Gogh made visible

52
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AES: Auger Electron Spectrum
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2s0 2p6 (1S)
2s1 2p5 
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(3P)
2s2 2p4 

(1S)

2s2 2p4 (1D)

Auger channels 
1s – 2s 2s : 2s02p6 1S 
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position: Auger energy 
intensity: Auger rate
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X-ray crystallography

54

Protein crystal X-ray diffraction pattern Molecular structure 
of a protein
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Phase problem and MAD

> Phase problem: only |f(Q)| measured, hindering IFT to obtain ρ(el) 

> MAD (multiwavelength anomalous diffraction): a well-established 
phasing method with synchrotron radiation since late 80’s.

55

similarity in folding and Cu coordination to other members of the
plastocyanin family. Other metalloprotein candidates for MAD
phasing include heme proteins, iron-sulfur proteins, and an ever
increasing group of zinc proteins.

Light metal centers can often be replaced by heavier ones.
Notably, the replacement of the group II ions Ca2' and Mg2+ by
lanthanides yields very strong anomalous scattering at the L,,, edges.
Our recent structural analysis of the calcium-dependent carbohy-
drate recognition domain from an animal lectin, mannose-binding
protein, illustrates this well. A recombinant fragment of this protein
was crystallized as a dimer with Ho3' ions replacing the two Ca2+
sites in each protomer. Data were collected at three wavelengths on
the spherical drift chamber detector at LURE (31). As expected
from the lanthanide white line features shown in Fig. 1B, the
measured signals were extraordinarily strong (Table 2). As a result,
phases were determined with sufficient accuracy that the model fitted
to the MAD-phased map gave an initial R value of 0.359 for all
observations to 2.5 A spacings (22). Because of an imperfection in
wavelength control in this experiment, the ability to refine scattering
factors was crucial. MAD experiments with lanthanide replacements
or replacements of transition metals by heavier L,,,-edge scatterers,
such as replacement of zinc by mercury, can prove very powerful.
Another category ofreplacement that can be very effective is in the

replacement of a natural ligand or cofactor by an analogous deriva-
tized ligand. This strategy has often been effective in MIR experi-
ments; for MAD the range of labeling elements can be extended to
the lighter K-edge scatterers. The structure analysis of streptavidin
as its selenobiotinyl complex is an example (Fig. 5A). In this case,
the data were measured on a single counter diffractometer on a
tunable beam line (32) at the Photon Factory in Japan. Streptavidin
is a tetramer and the asymmetric unit of the crystal contained
one-half of the molecule. The polypeptide chain was traced inde-
pendently for the two protomers in a MAD-phased map at 3.3 A
resolution (25), but the fitting was done after molecular averaging
with probabilistic phase combination (23). Brominated organic
ligands could be quite generally useful for this class of MAD
experiments.

Perhaps the greatest opportunity for future MAD experiments lies
in the use of conventional heavy-atom derivatives. All of the
commonly used substituting elements have L,,, edges in a readily
accessible region near 1 A wavelengths. The one MAD experiment
that has been done with conventional heavy atoms was not per-
formed on a synchrotron. MAD data from a Pt derivative of the

Fig. 5. Illustrations of novel structures deter-
mined directly and exclusively by the MAD meth-
od. (A) Tetramer of core streptavidin, with pro-
tein bonds drawn in blue. The selenobiotin
groups used for MAD phasing are shown in red.
(B) Ribonuclease H from Escherichia coli, which
was solved by use of selenomethionine labels. The
molecular surface and most atomic bonds are
drawn in yellow, those for catalytic site residues
are drawn in red, and a sulfate ion is in green.
[Reprinted from (21) with permission © AAAS]

D1D2 fragment ofCD4 were measured on a multiwire area detector
with characteristic lines from a Au anode that bracket the LI,, edge
of Pt. These data were combined with MIR phases to yield an
interpretable map. Had it been possible to conduct this experiment
on a suitable synchrotron beam line, more definitive initial phasing
could have been expected. Since isomorphism is not required, MAD
phasing of heavy-atom derivatives both increases the accuracy of
phases and extends the range ofuseful derivatives. Potential disorder
at heavy-atom sites remains a problem.
The final category of MAD applications is an exciting one by

virtue of its potential for generality. Brominated nucleic acid bases
can usefully label nucleic acids without appreciably perturbing their
structures. Our analysis of the complex of the antitumor drug
chromomycin with a duplex of octanucleotides in which one
thymine was replaced by 5-bromouracil illustrates this. The struc-
ture of this complex was solved from imaging phosphor data
measured at the Photon Factory in Japan (32, 33). The DNA
structure was directly interpretable (20), and phase combination
between the MAD probability distributions (23) and those from a
partially refined model were used to complete the drug structure.

In the case of proteins, the incorporation of selenomethionine in
place of methionine residues provides a general vehicle for incorpo-
rating MAD labels into proteins (34). The analysis of ribonuclease
H (Fig. 5B) is a successful example of this approach. The recombi-
nant protein was grown in bacteria with complete incorporation of
selenomethionine, and the structure was solved from imaging-
phosphor data measured at the Photon Factory in Japan (32, 33). In
this case the phases were accurate enough to permit an initial
interpretation into maps at 2.2 A resolution (21). Higher energy
resolution would have given even stronger signals (Fig. 1C and
Table 2). The extension to larger proteins with many Se sites poses
an exciting challenge for future applications.

Prospects
The MAD method can fairly be said to have emerged with vitality

from its long gestation. A lack of readily available, satisfactory
instrumentation has certainly impeded practical realization of the
promise of MAD phasing in macromolecular structure determina-
non. Even now, these experiments remain rather complex relative to
the routine measurements of conventional crystallography. Never-
theless, impressive results have already been obtained in a number of
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Fig. 1. Anomalous scattering factor spectra for selected elements. (A)
Calculated spectra (37) for certain isolated atoms. For each element, the
imaginary component (f") is drawn in the upper curve and the real
component (f') is in the lower curve. Origins for the five elements are
displaced vertically as indicated. The figure is adapted from (14). (B)
Experimental values derived from an x-ray absorption spectrum of Eu-

Anomalous scattering is intimately associated with the resonant
absorption of x-rays that occurs when the frequency of the incident
radiation approaches the frequency of oscillations in a bound
electronic orbital (see Box 1). This anomalous dispersion (frequency
dependence) of scattering is, as the resonance phenomenon sug-
gests, most pronounced in the immediate vicinity of the absorption
edge. The resonances associated with K and L,,, absorptions are of
greatest interest for MAD experiments, and these must ofcourse be
within the accessible x-ray spectrum to be useful. The anomalous
scattering profiles for isolated atoms of a few elements are shown in
Fig. 1A. These examples illustrate a number of points: (i) Edge
positions for a given orbital occur at systematically increasing energy
(shorter wavelength) as the atomic number increases. (ii) Apart
from the energy of transition, all K edges are essentially alike and all
L edges are alike. (iii) L,,, edges, which are associated with the six
2p electrons, have anomalous scattering factor magnitudes on the
order of three times greater than those for K edges, which are
associated with the two is electrons. As shown in Fig. 1, B and C,
the anomalous scattering profiles that are actually observed from
molecules are typically more strongly featured than the calculated
ones for isolated atoms. These resonant "white-line" features, which
correspond to transitions to unoccupied molecular orbitals, can be
threefold greater than those expected from isolated atoms (8, 9).
An accessible spectral range for MAD experiments can be consid-

ered to be the window from -0.3 to ~3.0 A in wavelength (4 to 40
keV in energy). This range includes the K edges from atomic
number Z = 20 (Ca) to Z = 58 (Ce) and L,,, edges from Z = 51
(Sb) to Z = 92 (U). Thus, all elements at least as heavy as calcium
are possible candidates for MAD experiments. Diffraction experi-
ments have also been conducted at the S K edge (X = 5.02 A), but
these require vacuum chambers and very thin samples (10). Even
experiments at the Ca K edge would be compromised by absorp-
tion. Experience at the high-energy extreme is very limited, but such
experiments should be readily feasible. All elements normally used as
heavy atoms in MIR plus many that are too light for use as MIR
derivatives are all well suited for MAD experiments. Such elements

4 OCIOBER 1991

0)
c
w

0.960.99 0.98 0.97
Wavelength (A)

(PhAcAc)3 (Ph, phenyl, and Ac, acetyl). The resonances from left to right are
associated with the L,,,, L11, and L, transitions. The L,,, maximum in f"
occurs at 6982.2 eV, which corresponds to 1.7757 A in wavelength. The
figure is adapted from (8). (C) Experimental values derived from an x-ray
absorption spectrum of selenomethionyl thioredoxin from Escherichia coli.
Reproduced from (34).

either occur naturally in macromolecules or can be introduced in a
variety of ways (Table 1).

X-ray Sources
MAD experiments require sources capable of producing x-rays at

various suitable wavelengths. With conventional x-ray tubes the
options are limited primarily to the characteristic lines from usable
target materials. Nevertheless, a pioneering demonstration of feasi-
bility was performed on Chironomus hemoglobin by using two x-ray
tubes (11), and instruments have been developed to use multiple
lines from mixed targets or L emissions (12). Indeed, MAD data
measured from a Pt derivative with Au L-line x-rays were used
together with MIR data to determine the structure of a CD4
fragment (13).
The bremsstrahlung continuum from x-ray tubes is another

possible source for MAD experiments, and wavelengths selected
from the continuum emitted by a Mo anode were used to solve the
structure of selenolanthionine (14), a small molecule. The
bremsstrahlung intensity is much weaker than that in characteristic
lines, but it can be optimized by using a high-Z anode material such
as Au.
Although MAD experiments are possible at conventional "home"

sources, the sporadic availability of characteristic emissions and the
relative weakness of the bremsstrahlung (Fig. 2) are limitations. On
the other hand, the spectral brightness of synchrotron radiation
(Fig. 2) is well suited for MAD work. The bending-magnet
radiation from several existing sources (CHESS at Cornell, NSLS at
Brookhaven, SSRL at Stanford, the Photon Factory in Tsukuba,
LURE in Orsay, DESY in Hamburg, and SRS at Daresbury) can
provide adequate flux for many experiments. Wigglers give en-
hanced flux and extend the spectrum to higher energy and can make
third-generation, low-energy sources suitable (such as ALS at
Berkeley, MAX-II in Lund, SRRC in Hsinchu). Undulators on the
high-energy, low-emittance sources that are under construction
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Table 1. Anomalous dispersion terms and RrYM values at the four x-ray
wavelengths used in data collection.

Rsym -{E yII- IIi l}I { SIi}
hkl i hkl i

where the second summation is over all redundant and all space-group
symmetry-equivalent measurements at a given hkl. The Rsym values under (1)
were obtained when the data were processed with a conventional model for
coincidence loss as a function of detector count rate. The values under (2)
resulted from the empirical scaling procedure described in (12). All Rsym
values are for the data to 2.5 A resolution.

Maxi-fi
r

Rsym mum UniqueX-ray energy (elec- (elec- count reflec-
(wavelength) rate tionsU trons) trons) (1) (2) (kHz)
10.0301 keV -1.61 3.27 0.120 0.046 68 14109

(1.2359 A)
9.0022 keV -6.17 4.17 0.107 0.045 66 10830
(1.3771 A)
8.9900 keV -8.11 2.54 0.097 0.045 66 10781
(1.3790 A)
8.0414 keV -2.55 0.60 0.055 0.043 57 7746
(1.5416 A)

teins are obvious candidates for the technique; even proteins
without metal atoms in their native state may be made amenable to
MAD phase assignment by chemical modification or by co-crystalli-
zation with an anomalous scatterer (2). Many of the difficulties
inherent in isomorphous replacement methods are thus bypassed:
data are collected from a single crystal form, a laborious search for
derivatives is unnecessary, and the question of imperfect isomor-
phism does not arise. The phasing power of the MAD technique
actually increases for higher resolution data, since the magnitude of
the anomalous dispersion scattering does not decrease with scatter-
ing angle. The application ofMAD phasing has been made techni-
cally feasible through the use of intense polychromatic synchrotron
radiation together with accurate data collection from multiwire
electronic area detectors.
The MAD phasing technique appeared particularly well suited to

solving a difficult and long-standing problem. In 1971 and 1974,
two groups of investigators independently reported the occurrence
of a basic copper-containing protein in cucumbers (3, 4). In view of
the occurrence of the protein in several plant sources (5, 6), the
names "cusacyanin" and "plantacyanin" were proposed. As the
protein has spectroscopic and redox properties that show that it
belongs to the class of blue copper proteins, we refer to it merely as
CBP, "cucumber basic blue protein." We crystallized CBP in 1976,
and preliminary crystallographic data were recorded (7). Only one
heavy-atom isomorphous derivative was successfully prepared (with
mercuric acetate), and then only from crystals of the native protein
cross-linked with glutaraldehyde. A map calculated by single iso-
morphous replacement techniques defied interpretation. Our at-
tempts to solve the structure by molecular replacement with models
based on the known structure of another blue copper protein,
plastocyanin, also failed. However, the structure was readily solved
with MAD phasing.

Because MAD phasing for protein structure analysis is so new,
too few experiments have been completed to determine how large
an anomalous dispersion signal is required to solve a protein
structure of a given size [although we have studied this question
theoretically (1)]. The phasing power of the MAD technique is
greater when the signal is large, as is the case at the L absorption
edges of the lanthanides (8). The large signal at the Tb LI,, edge (f'
-28 electrons, and f" --20 electrons) was exploited by Kahn et al.
in the determination of the Opsanus tau parvalbumin structure (9).

The substitution of Tb3+ at the two Ca2+ binding sites in this
protein (molecular weight, Mr 10,100) introduced a large anoma-
lous dispersion signal. In contrast, the magnitudes off' and f" are
typically less than 10 electrons at the K absorption edges of the
transition elements. Thus it is significant that in the present work
the signal from a single Cu atom in the native CBP (Mr 10,100) was
sufficient for structure determination with MAD phasing (Table 1)
(10).
Experimental. Crystals of CBP were grown by hanging-drop

vapor diffusion against 40 percent polyethylene glycol-6000 in
0.1M phosphate buffer (pH 6.0). The x-ray energies for data
collection were chosen after characterization of the energy depen-
dence ofthe anomalous dispersion terms f' and f" exhibited by the
sample crystals in the x-ray region that spans the CuK absorption
edge. For this purpose, the x-ray fluorescence from a single, oriented
crystal of CBP was measured as a function of the incident x-ray
energy with a scintillation counter positioned in the horizontal plane
and within 2 cm ofthe sample crystal at 90 degrees to the 95 percent
horizontally polarized incident beam. Figure 1 shows the variations
in f' and f" observed near the CuK absorption edge. Two ofthe x-
ray energies used for the data collection were chosen to lie at the
absorption edge: one at the point of maximum f", and one at the
point of maximum negative f'. The remaining two energies were
chosen approximately 1 keV above and below the edge (the latter
specifically at the CuKY line). Bragg intensities were measured from
two crystals ofCBP with dimensions 0.37mm by 0.37 mm by 0.13
mm and 0.37mm by 0.37 mm by 0.08 to 0.12 mm, respectively, by
using the area detector facility built specifically for exploiting the
MAD phasing technique at the Stanford Synchrotron Radiation
Laboratory (SSRL) (11, 12). To the extent possible, the diffraction
geometry was chosen so that Bijvoet pairs ofreflections (F+ and F-)
were measured simultaneously on different portions of the detector
(13). The 85,374 integrated Bragg intensities were partitioned into
140 bins, each bin corresponding to a rotation of the sample crystal
by about 8 degrees at a single energy. A linear scale factor was
assigned to each bin to minimize the overall Rsym, and the redun-
dant and symmetry-equivalent observations were averaged to yield a
consensus value of F+ and F- for each reflection at each energy
(Table 1).
The data used for the MAD phase assignment comprised 3550

independent reflections (99 percent ofthe accessible data) measured

4 -

-0

8600 8800 9000 9200 9400
Energy (eV)

Fig. 1. Energy dependence of the anomalous dispersion termsff andf' in
the region ofthe CuK absorption edge. Values off ' and f' are in electrons.
Experimental values for f" (heavy line) were obtained from x-ray fluores-
cence from a single crystal of CBP; ideal f" values (thin line) for atomic Cu
are from (58). Experimental values for f are derived by numerical integra-
tion from the f" spectrum with the Kramers-Kroenig relation; ideal f'
values (thin line) are from Honl theory (59). Derivation ofthe experimental
f" and f' values was performed with an in-house program DISCO (60).
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Fig. 3 (top). Stereoview of the CBP molecule, showing the Ca
atoms of the polypeptide backbone, the side chains of the Cu-
binding residues (His39, Cys79, His84, and Met89), and the cys-
tine disulfide bridge between Cys52 and Cys85. Fig. 4 (bot-
tom). Stereoview of the Cu site in CBP. The exposed imidazole
ring edge of His84 is surrounded by the side chains ofPhe'3, Met38,
Phe81, Pro82, and Ser87; that of His39 by the side chains of Thr'2
Phe13, Asn35, and Met38. The side chain ofTrp" is seen below that
of Met89.

Cucumber basic protein

Cucumber basic protein

is not coordinated to the Cu atom. Between the end of strand 4 and
the beginning of strand 5 are two tums of helix. The second turn of
helix finishes at a third Cys residue, Cys52. A disulfide bridge joins
Cys52 to Cys85. With respect to the Cu site, the disulfide bridge lies
on the distal side of the double loop in the polypeptide backbone:
neither of the S atoms is within bonding distance of the Cu atom.
The Cu atom is located beneath the surface at one end of the

molecule (Fig. 4). The donor atoms are Nb(His39), Sy(Cys79),
NB(His84), and Sb(Met89). The coordination is distorted from a
tetrahedral geometry, but further refinement is required before the
bond lengths and bond angles at the Cu atom can be stated with
confidence. At this stage there is no evidence for a fifth Cu-ligand
bond or close Cu-polypeptide contact. Both ofthe His ligands have
their distal (Cb-Nc) imidazole ring edges exposed to the solvent,
the immediate environment of His being more hydrophobic than
that ofHis39 (Fig. 4). The accessibility surfaces ofthe two imidazole
rings appear to be contiguous. On the side of the Cu site remote
from the solvent, the side-chain methyl group of Met89 lies in
contact with the aromatic side-chain group of Trp".

Structural comparisons with other blue copper proteins.
Three blue Cu proteins-plastocyanin, azurin, and pseudoazurin-
have previously been characterized crystallographically. In each the
Cu atom is coordinated by the Nb(imidazole) atoms of two His
residues, the Sy(thiolate) atom of a Cys residue, and the
Sb(thioether) atom of a Met residue (20-25). Refinements of the
structures of plastocyanin and azurin have shown that the Cu-
S(Met) bonds are abnormally long (2.9 and 3.1 A) (21, 24) and that
the Cu atom in azurin makes an additional close contact (3.1 A)
with a backbone O(peptide) atom (24). Although the Cu-S(Met)
bonds are obviously weak, they seem to play a crucial role in tuning
the reduction potentials of the blue Cu site (26, 27).
The present work shows that the distorted tetrahedral NNSS'

coordination in CBP is analogous to that found at the Cu sites of
plastocyanin and azurin, lending further support to the hypothesis
12 AUGUST I988

that the high redox potentials of the proteins (CBP, 317 mV;
plastocyanins, from -360 to 370 mV; azurins, from -280 to 320
mV) have a common structural origin (26, 27). The folds of the
polypeptide backbones of the three proteins are, however, distinctly
different (Fig. 5). In azurin, strands 4 and 5 of the polypeptide
backbone are part of the 1 sandwich; connecting the ends of these
strands, a flap comprising about 30 residues and including three
turns of helix hangs off the main body of the molecule (23). In
plastocyanin, strand 5 is too irregular to be part of the 1 sandwich
(20, 21). In CBP, the P-sandwich structure is further depleted by a
bend and twist in strands 4 and 5 that place these strands at a large
angle from the other strands. These observations support a sugges-
tion by Adman that there are several subcategories of blue Cu-
protein structure (28). From the viewpoint of crystallographic
methodology, the remarkable difference between the tertiary struc-
tures of CBP and plastocyanin explains why molecular replacement
methods failed for solving the CBP structure when a search model
based on plastocyanin was used.
The CBP structure confirms or explains the results of several

antecedent spectroscopic studies. Three of the Cu-binding residues,
a Met and two His residues, were predicted from 'H nuclear
magnetic resonance (NMR) redox titrations (29). The fourth, a Cys,
was to be expected from the intense charge-transfer band at -600
nm (30, 31). The locations of the His and Met ligands in the
molecule could be inferred from sequence homology with plasto-
cyanin and azurin in the vicinity of the Cu site (29). The prediction
ofthe Cu-binding Cys residue in CBP was less certain because ofthe
presence of two additional Cys residues that have no equivalent in
the other two proteins. The proximity of TrpII to the Cu site is
consistent with the observation that the quantum yield of a 340-nm
fluorescence band typical ofTrp is much higher in apo-CBP than in
Cu(I)- and Cu(II)-CBP (4). The observed close contact between the
side chain ofMet89 and the aromatic group ofTrp" accounts for the
large upfield shift of the e-CH3 resonance ofMet89 in the 'H NMR
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Cucumber basic blue 
protein 
Guss et al., Science 
241, 806 (1988).

A) Streptavidin  
Hendrickson et al., PNAS 86, 
2190 (1989). 
B) Ribonuclease H  
Yang et al., Science 249, 1398 
(1990). 
Picture taken from Hendrickson, 
Science 254, 51 (1991).

Cu

Se
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Computer simulations with XATOM
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XATOM: all about x-ray atomic physics

> Computer program suite to 
describe dynamical behaviors 
of atoms interacting with 
XFEL pulses 

> Uses the Hartree-Fock-Slater 
model 

> Calculates all cross sections 
and rates of x-ray-induced 
processes for any given 
element

57
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Son, Young & Santra,  
Phys. Rev. A 83, 033402 (2011). 

Jurek, Son, Ziaja & Santra,  
J. Appl. Cryst. 49, 1048–1056 (2016).
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Calculations online
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> Orbital binding energy and orbital shape 

> Photoionization cross section 

> Fluorescence spectrum 

> Auger spectrum 

> Atomic form factor 

> Dispersion correction of atomic form factor
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Q & A

> Why does the cross section decrease as the photon energy increases? 

> Why does x-ray interact with core electrons more than valence 
electrons? 

> What is the double-core-hole (DCH) state? 

> What x-ray parameters do we need to create DCH? 

> Why does MAD need metals (heavy atoms) in proteins?
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Cross section in mega-barn?

> What is the cross section? 
! An effective area to measure the probability of interaction between particles 

> How small is Mb (megabarn)? 
! 1 Mb ~ 10–22 m2 
! 1 barn ~ 10–28 m2 ~  

cross-sectional area of a 
Uranium nucleus 

! probability = σ × F 
! C at 12 keV: σP ~ 20 barn  

typical fluence: F ~ 104 ph/µm2  

➔ absorption prob. ~ 2×10–11  

➔ scattering prob. ~ 1×10–12

62

“He couldn’t hit the broad side of a barn.”
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Why X-ray free-electron laser

> Carbon at synchrotron radiation: 12 keV, 106 photons  
on 10µm × 10µm 

> Signal amplification

63

scattering 
probability ~ 10–12

~108 molecules in  
a µm-sized crystal

high x-ray fluence from XFEL 
(×108~1010 more than 
synchrotron radiation)



r·B = 0r·A = 0
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Minimal coupling Hamiltonian
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(284 eV) to argon (3.2 keV). Photons with an energy greater
than 100 Eh (several keV or higher) are referred to as hard
x-rays. In this case, the wavelength approaches (and, at
sufficiently high photon energy, is eventually smaller than)
1 Å. A wavelength of 1 Å, corresponding to a photon energy
of 12.4 keV, is comparable to the length of a chemical bond.
Useful x-ray-related data may be found in the X-Ray Data
Booklet [9].

Some of the characteristic properties and applications of
x-rays are highlighted in the following list.

• The small absorption probability of x-rays in matter
implies a large penetration depth. This enables probing of
relatively thick samples. As a rule, the penetration depth
increases from soft x-rays to hard x-rays.

• Compared to radiation of longer wavelengths, x-rays
can be focused to a very small spot size. Limiting the
transverse size of the probe beam provides high spatial
resolution in the transverse plane, which is interesting,
for instance, for applications in nanoscience.

• Inner-shell electron binding energies are element specific.
When an x-ray photon is absorbed, the electron excited is
typically from the deepest energetically accessible inner
shell. Therefore, using tunable x-rays, one can selectively
address specific chemical elements in a multispecies
sample.

• Measurement of x-ray absorption as a function of the
photon energy provides useful molecular information.
XANES (x-ray absorption near-edge structure) is sensitive
to the chemical environment of the absorbing atomic
species. For example, neighbouring atoms affect the
oxidation state of an absorbing metal atom, which is
reflected in XANES. EXAFS (extended x-ray absorption
fine structure) is sensitive to the local geometry and
is particularly powerful for tracking changes of bond
lengths.

• Since x-ray absorption generally involves an inner-
shell electron, the x-ray absorption process creates an
electronically highly excited state. Photons (x-ray
fluorescence) and/or electrons (Auger decay) emitted
in the relaxation process may be detected. The decay
particles can be used to monitor x-ray absorption even in
very dilute samples. The energy of the decay particles is
element specific.

• Photoelectron spectroscopy and spectroscopy of the
decay particles (x-ray fluorescence spectroscopy, Auger-
electron spectroscopy) may be used as complementary
tools to characterize the chemical composition and
electronic structure of a sample.

• Inner-shell relaxation is ultrafast (of the order of
femtoseconds or shorter). Hence, the decay particles
reflect the molecular geometry at the instant of x-ray
absorption.

• Using hard x-rays at a wavelength of ∼1 Å, molecular
structure may be imaged via electronically elastic x-ray
scattering (diffraction). In principle, this enables imaging
with atomic resolution. Soft x-rays may be employed for
lower resolution (1–10 nm).

It is useful to keep these concepts in mind as we turn our
attention to formal considerations.

2. Hamiltonian

Using x-rays, we can probe the atomic structure (spatial
positions of the nuclei) and electronic structure (properties of
valence and inner-shell electrons) of matter. An important
point is that, neglecting nuclear resonance absorption, x-
rays interact with the electrons only. The nuclei are too
heavy, in comparison to the electrons, to undergo substantial
oscillations in response to the high-frequency electromagnetic
field. Therefore, x-rays probe molecular geometry only
indirectly.

In order to describe the interaction of the electrons with
the x-rays, we utilize nonrelativistic quantum electrodynamics
[10, 11]. Let the x-ray photon energy be small in comparison
to the electron rest energy (511 keV), so that relativistic QED
effects such as pair production may be neglected. We will also
neglect relativistic electronic structure effects [12, 13]. Since
we are not seeking a covariant theory [14], a Hamiltonian
approach is suitable. In this section, it is briefly summarized
how the corresponding Hamiltonian is obtained.

According to the Principle of Minimal Coupling, which
is designed to reproduce Newton’s equation for a particle of
charge qi and mass mi at position xi in an electromagnetic
field, the Hamiltonian for this particle is

ĥi = [pi − αqiA(xi )]2

2mi

+ qi"(xi ). (1)

The vector potential A and the scalar potential " are related
to the electric field E and the magnetic field B via

E = −∇" − α
∂A

∂t
, (2)

B = ∇ × A. (3)

The magnetic field is purely transverse, i.e., ∇ · B = 0. By
adopting the Coulomb gauge, ∇ · A = 0, the electric field
may be separated into longitudinal and transverse terms

E = E∥ + E⊥, (4)

E∥ = −∇" (∇ × E∥ = 0), (5)

E⊥ = −α
∂A

∂t
(∇ · E⊥ = 0). (6)

As a consequence of the Coulomb gauge, we conclude from
the Gauss law for a system of point charges,

∇ · E = ∇ · E∥

= −∇2"

= 4π
∑

j

qjδ
(3)(x − xj ), (7)

that

"(x) =
∑

j

qj

|x − xj |
. (8)

After substitution of this result into (1), we obtain the well-
known, instantaneous Coulomb interaction terms between the
charged particles (after elimination of singular self-interaction
contributions). This forms the basis for the standard molecular
Hamiltonian,

Ĥ mol = T̂N + V̂NN + Ĥ el, (9)
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(284 eV) to argon (3.2 keV). Photons with an energy greater
than 100 Eh (several keV or higher) are referred to as hard
x-rays. In this case, the wavelength approaches (and, at
sufficiently high photon energy, is eventually smaller than)
1 Å. A wavelength of 1 Å, corresponding to a photon energy
of 12.4 keV, is comparable to the length of a chemical bond.
Useful x-ray-related data may be found in the X-Ray Data
Booklet [9].

Some of the characteristic properties and applications of
x-rays are highlighted in the following list.

• The small absorption probability of x-rays in matter
implies a large penetration depth. This enables probing of
relatively thick samples. As a rule, the penetration depth
increases from soft x-rays to hard x-rays.

• Compared to radiation of longer wavelengths, x-rays
can be focused to a very small spot size. Limiting the
transverse size of the probe beam provides high spatial
resolution in the transverse plane, which is interesting,
for instance, for applications in nanoscience.

• Inner-shell electron binding energies are element specific.
When an x-ray photon is absorbed, the electron excited is
typically from the deepest energetically accessible inner
shell. Therefore, using tunable x-rays, one can selectively
address specific chemical elements in a multispecies
sample.

• Measurement of x-ray absorption as a function of the
photon energy provides useful molecular information.
XANES (x-ray absorption near-edge structure) is sensitive
to the chemical environment of the absorbing atomic
species. For example, neighbouring atoms affect the
oxidation state of an absorbing metal atom, which is
reflected in XANES. EXAFS (extended x-ray absorption
fine structure) is sensitive to the local geometry and
is particularly powerful for tracking changes of bond
lengths.

• Since x-ray absorption generally involves an inner-
shell electron, the x-ray absorption process creates an
electronically highly excited state. Photons (x-ray
fluorescence) and/or electrons (Auger decay) emitted
in the relaxation process may be detected. The decay
particles can be used to monitor x-ray absorption even in
very dilute samples. The energy of the decay particles is
element specific.

• Photoelectron spectroscopy and spectroscopy of the
decay particles (x-ray fluorescence spectroscopy, Auger-
electron spectroscopy) may be used as complementary
tools to characterize the chemical composition and
electronic structure of a sample.

• Inner-shell relaxation is ultrafast (of the order of
femtoseconds or shorter). Hence, the decay particles
reflect the molecular geometry at the instant of x-ray
absorption.

• Using hard x-rays at a wavelength of ∼1 Å, molecular
structure may be imaged via electronically elastic x-ray
scattering (diffraction). In principle, this enables imaging
with atomic resolution. Soft x-rays may be employed for
lower resolution (1–10 nm).

It is useful to keep these concepts in mind as we turn our
attention to formal considerations.

2. Hamiltonian

Using x-rays, we can probe the atomic structure (spatial
positions of the nuclei) and electronic structure (properties of
valence and inner-shell electrons) of matter. An important
point is that, neglecting nuclear resonance absorption, x-
rays interact with the electrons only. The nuclei are too
heavy, in comparison to the electrons, to undergo substantial
oscillations in response to the high-frequency electromagnetic
field. Therefore, x-rays probe molecular geometry only
indirectly.

In order to describe the interaction of the electrons with
the x-rays, we utilize nonrelativistic quantum electrodynamics
[10, 11]. Let the x-ray photon energy be small in comparison
to the electron rest energy (511 keV), so that relativistic QED
effects such as pair production may be neglected. We will also
neglect relativistic electronic structure effects [12, 13]. Since
we are not seeking a covariant theory [14], a Hamiltonian
approach is suitable. In this section, it is briefly summarized
how the corresponding Hamiltonian is obtained.

According to the Principle of Minimal Coupling, which
is designed to reproduce Newton’s equation for a particle of
charge qi and mass mi at position xi in an electromagnetic
field, the Hamiltonian for this particle is

ĥi = [pi − αqiA(xi )]2

2mi

+ qi"(xi ). (1)

The vector potential A and the scalar potential " are related
to the electric field E and the magnetic field B via

E = −∇" − α
∂A

∂t
, (2)

B = ∇ × A. (3)

The magnetic field is purely transverse, i.e., ∇ · B = 0. By
adopting the Coulomb gauge, ∇ · A = 0, the electric field
may be separated into longitudinal and transverse terms

E = E∥ + E⊥, (4)

E∥ = −∇" (∇ × E∥ = 0), (5)

E⊥ = −α
∂A

∂t
(∇ · E⊥ = 0). (6)

As a consequence of the Coulomb gauge, we conclude from
the Gauss law for a system of point charges,

∇ · E = ∇ · E∥

= −∇2"

= 4π
∑

j

qjδ
(3)(x − xj ), (7)

that

"(x) =
∑

j

qj

|x − xj |
. (8)

After substitution of this result into (1), we obtain the well-
known, instantaneous Coulomb interaction terms between the
charged particles (after elimination of singular self-interaction
contributions). This forms the basis for the standard molecular
Hamiltonian,

Ĥ mol = T̂N + V̂NN + Ĥ el, (9)
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(284 eV) to argon (3.2 keV). Photons with an energy greater
than 100 Eh (several keV or higher) are referred to as hard
x-rays. In this case, the wavelength approaches (and, at
sufficiently high photon energy, is eventually smaller than)
1 Å. A wavelength of 1 Å, corresponding to a photon energy
of 12.4 keV, is comparable to the length of a chemical bond.
Useful x-ray-related data may be found in the X-Ray Data
Booklet [9].

Some of the characteristic properties and applications of
x-rays are highlighted in the following list.

• The small absorption probability of x-rays in matter
implies a large penetration depth. This enables probing of
relatively thick samples. As a rule, the penetration depth
increases from soft x-rays to hard x-rays.

• Compared to radiation of longer wavelengths, x-rays
can be focused to a very small spot size. Limiting the
transverse size of the probe beam provides high spatial
resolution in the transverse plane, which is interesting,
for instance, for applications in nanoscience.

• Inner-shell electron binding energies are element specific.
When an x-ray photon is absorbed, the electron excited is
typically from the deepest energetically accessible inner
shell. Therefore, using tunable x-rays, one can selectively
address specific chemical elements in a multispecies
sample.

• Measurement of x-ray absorption as a function of the
photon energy provides useful molecular information.
XANES (x-ray absorption near-edge structure) is sensitive
to the chemical environment of the absorbing atomic
species. For example, neighbouring atoms affect the
oxidation state of an absorbing metal atom, which is
reflected in XANES. EXAFS (extended x-ray absorption
fine structure) is sensitive to the local geometry and
is particularly powerful for tracking changes of bond
lengths.

• Since x-ray absorption generally involves an inner-
shell electron, the x-ray absorption process creates an
electronically highly excited state. Photons (x-ray
fluorescence) and/or electrons (Auger decay) emitted
in the relaxation process may be detected. The decay
particles can be used to monitor x-ray absorption even in
very dilute samples. The energy of the decay particles is
element specific.

• Photoelectron spectroscopy and spectroscopy of the
decay particles (x-ray fluorescence spectroscopy, Auger-
electron spectroscopy) may be used as complementary
tools to characterize the chemical composition and
electronic structure of a sample.

• Inner-shell relaxation is ultrafast (of the order of
femtoseconds or shorter). Hence, the decay particles
reflect the molecular geometry at the instant of x-ray
absorption.

• Using hard x-rays at a wavelength of ∼1 Å, molecular
structure may be imaged via electronically elastic x-ray
scattering (diffraction). In principle, this enables imaging
with atomic resolution. Soft x-rays may be employed for
lower resolution (1–10 nm).

It is useful to keep these concepts in mind as we turn our
attention to formal considerations.

2. Hamiltonian

Using x-rays, we can probe the atomic structure (spatial
positions of the nuclei) and electronic structure (properties of
valence and inner-shell electrons) of matter. An important
point is that, neglecting nuclear resonance absorption, x-
rays interact with the electrons only. The nuclei are too
heavy, in comparison to the electrons, to undergo substantial
oscillations in response to the high-frequency electromagnetic
field. Therefore, x-rays probe molecular geometry only
indirectly.

In order to describe the interaction of the electrons with
the x-rays, we utilize nonrelativistic quantum electrodynamics
[10, 11]. Let the x-ray photon energy be small in comparison
to the electron rest energy (511 keV), so that relativistic QED
effects such as pair production may be neglected. We will also
neglect relativistic electronic structure effects [12, 13]. Since
we are not seeking a covariant theory [14], a Hamiltonian
approach is suitable. In this section, it is briefly summarized
how the corresponding Hamiltonian is obtained.

According to the Principle of Minimal Coupling, which
is designed to reproduce Newton’s equation for a particle of
charge qi and mass mi at position xi in an electromagnetic
field, the Hamiltonian for this particle is

ĥi = [pi − αqiA(xi )]2

2mi

+ qi"(xi ). (1)

The vector potential A and the scalar potential " are related
to the electric field E and the magnetic field B via

E = −∇" − α
∂A

∂t
, (2)

B = ∇ × A. (3)

The magnetic field is purely transverse, i.e., ∇ · B = 0. By
adopting the Coulomb gauge, ∇ · A = 0, the electric field
may be separated into longitudinal and transverse terms

E = E∥ + E⊥, (4)

E∥ = −∇" (∇ × E∥ = 0), (5)

E⊥ = −α
∂A

∂t
(∇ · E⊥ = 0). (6)

As a consequence of the Coulomb gauge, we conclude from
the Gauss law for a system of point charges,

∇ · E = ∇ · E∥

= −∇2"

= 4π
∑

j

qjδ
(3)(x − xj ), (7)

that

"(x) =
∑

j

qj

|x − xj |
. (8)

After substitution of this result into (1), we obtain the well-
known, instantaneous Coulomb interaction terms between the
charged particles (after elimination of singular self-interaction
contributions). This forms the basis for the standard molecular
Hamiltonian,

Ĥ mol = T̂N + V̂NN + Ĥ el, (9)
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(284 eV) to argon (3.2 keV). Photons with an energy greater
than 100 Eh (several keV or higher) are referred to as hard
x-rays. In this case, the wavelength approaches (and, at
sufficiently high photon energy, is eventually smaller than)
1 Å. A wavelength of 1 Å, corresponding to a photon energy
of 12.4 keV, is comparable to the length of a chemical bond.
Useful x-ray-related data may be found in the X-Ray Data
Booklet [9].

Some of the characteristic properties and applications of
x-rays are highlighted in the following list.

• The small absorption probability of x-rays in matter
implies a large penetration depth. This enables probing of
relatively thick samples. As a rule, the penetration depth
increases from soft x-rays to hard x-rays.

• Compared to radiation of longer wavelengths, x-rays
can be focused to a very small spot size. Limiting the
transverse size of the probe beam provides high spatial
resolution in the transverse plane, which is interesting,
for instance, for applications in nanoscience.

• Inner-shell electron binding energies are element specific.
When an x-ray photon is absorbed, the electron excited is
typically from the deepest energetically accessible inner
shell. Therefore, using tunable x-rays, one can selectively
address specific chemical elements in a multispecies
sample.

• Measurement of x-ray absorption as a function of the
photon energy provides useful molecular information.
XANES (x-ray absorption near-edge structure) is sensitive
to the chemical environment of the absorbing atomic
species. For example, neighbouring atoms affect the
oxidation state of an absorbing metal atom, which is
reflected in XANES. EXAFS (extended x-ray absorption
fine structure) is sensitive to the local geometry and
is particularly powerful for tracking changes of bond
lengths.

• Since x-ray absorption generally involves an inner-
shell electron, the x-ray absorption process creates an
electronically highly excited state. Photons (x-ray
fluorescence) and/or electrons (Auger decay) emitted
in the relaxation process may be detected. The decay
particles can be used to monitor x-ray absorption even in
very dilute samples. The energy of the decay particles is
element specific.

• Photoelectron spectroscopy and spectroscopy of the
decay particles (x-ray fluorescence spectroscopy, Auger-
electron spectroscopy) may be used as complementary
tools to characterize the chemical composition and
electronic structure of a sample.

• Inner-shell relaxation is ultrafast (of the order of
femtoseconds or shorter). Hence, the decay particles
reflect the molecular geometry at the instant of x-ray
absorption.

• Using hard x-rays at a wavelength of ∼1 Å, molecular
structure may be imaged via electronically elastic x-ray
scattering (diffraction). In principle, this enables imaging
with atomic resolution. Soft x-rays may be employed for
lower resolution (1–10 nm).

It is useful to keep these concepts in mind as we turn our
attention to formal considerations.

2. Hamiltonian

Using x-rays, we can probe the atomic structure (spatial
positions of the nuclei) and electronic structure (properties of
valence and inner-shell electrons) of matter. An important
point is that, neglecting nuclear resonance absorption, x-
rays interact with the electrons only. The nuclei are too
heavy, in comparison to the electrons, to undergo substantial
oscillations in response to the high-frequency electromagnetic
field. Therefore, x-rays probe molecular geometry only
indirectly.

In order to describe the interaction of the electrons with
the x-rays, we utilize nonrelativistic quantum electrodynamics
[10, 11]. Let the x-ray photon energy be small in comparison
to the electron rest energy (511 keV), so that relativistic QED
effects such as pair production may be neglected. We will also
neglect relativistic electronic structure effects [12, 13]. Since
we are not seeking a covariant theory [14], a Hamiltonian
approach is suitable. In this section, it is briefly summarized
how the corresponding Hamiltonian is obtained.

According to the Principle of Minimal Coupling, which
is designed to reproduce Newton’s equation for a particle of
charge qi and mass mi at position xi in an electromagnetic
field, the Hamiltonian for this particle is

ĥi = [pi − αqiA(xi )]2

2mi

+ qi"(xi ). (1)

The vector potential A and the scalar potential " are related
to the electric field E and the magnetic field B via

E = −∇" − α
∂A

∂t
, (2)

B = ∇ × A. (3)

The magnetic field is purely transverse, i.e., ∇ · B = 0. By
adopting the Coulomb gauge, ∇ · A = 0, the electric field
may be separated into longitudinal and transverse terms

E = E∥ + E⊥, (4)

E∥ = −∇" (∇ × E∥ = 0), (5)

E⊥ = −α
∂A

∂t
(∇ · E⊥ = 0). (6)

As a consequence of the Coulomb gauge, we conclude from
the Gauss law for a system of point charges,

∇ · E = ∇ · E∥

= −∇2"

= 4π
∑

j

qjδ
(3)(x − xj ), (7)

that

"(x) =
∑

j

qj

|x − xj |
. (8)

After substitution of this result into (1), we obtain the well-
known, instantaneous Coulomb interaction terms between the
charged particles (after elimination of singular self-interaction
contributions). This forms the basis for the standard molecular
Hamiltonian,

Ĥ mol = T̂N + V̂NN + Ĥ el, (9)
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(284 eV) to argon (3.2 keV). Photons with an energy greater
than 100 Eh (several keV or higher) are referred to as hard
x-rays. In this case, the wavelength approaches (and, at
sufficiently high photon energy, is eventually smaller than)
1 Å. A wavelength of 1 Å, corresponding to a photon energy
of 12.4 keV, is comparable to the length of a chemical bond.
Useful x-ray-related data may be found in the X-Ray Data
Booklet [9].

Some of the characteristic properties and applications of
x-rays are highlighted in the following list.

• The small absorption probability of x-rays in matter
implies a large penetration depth. This enables probing of
relatively thick samples. As a rule, the penetration depth
increases from soft x-rays to hard x-rays.

• Compared to radiation of longer wavelengths, x-rays
can be focused to a very small spot size. Limiting the
transverse size of the probe beam provides high spatial
resolution in the transverse plane, which is interesting,
for instance, for applications in nanoscience.

• Inner-shell electron binding energies are element specific.
When an x-ray photon is absorbed, the electron excited is
typically from the deepest energetically accessible inner
shell. Therefore, using tunable x-rays, one can selectively
address specific chemical elements in a multispecies
sample.

• Measurement of x-ray absorption as a function of the
photon energy provides useful molecular information.
XANES (x-ray absorption near-edge structure) is sensitive
to the chemical environment of the absorbing atomic
species. For example, neighbouring atoms affect the
oxidation state of an absorbing metal atom, which is
reflected in XANES. EXAFS (extended x-ray absorption
fine structure) is sensitive to the local geometry and
is particularly powerful for tracking changes of bond
lengths.

• Since x-ray absorption generally involves an inner-
shell electron, the x-ray absorption process creates an
electronically highly excited state. Photons (x-ray
fluorescence) and/or electrons (Auger decay) emitted
in the relaxation process may be detected. The decay
particles can be used to monitor x-ray absorption even in
very dilute samples. The energy of the decay particles is
element specific.

• Photoelectron spectroscopy and spectroscopy of the
decay particles (x-ray fluorescence spectroscopy, Auger-
electron spectroscopy) may be used as complementary
tools to characterize the chemical composition and
electronic structure of a sample.

• Inner-shell relaxation is ultrafast (of the order of
femtoseconds or shorter). Hence, the decay particles
reflect the molecular geometry at the instant of x-ray
absorption.

• Using hard x-rays at a wavelength of ∼1 Å, molecular
structure may be imaged via electronically elastic x-ray
scattering (diffraction). In principle, this enables imaging
with atomic resolution. Soft x-rays may be employed for
lower resolution (1–10 nm).

It is useful to keep these concepts in mind as we turn our
attention to formal considerations.

2. Hamiltonian

Using x-rays, we can probe the atomic structure (spatial
positions of the nuclei) and electronic structure (properties of
valence and inner-shell electrons) of matter. An important
point is that, neglecting nuclear resonance absorption, x-
rays interact with the electrons only. The nuclei are too
heavy, in comparison to the electrons, to undergo substantial
oscillations in response to the high-frequency electromagnetic
field. Therefore, x-rays probe molecular geometry only
indirectly.

In order to describe the interaction of the electrons with
the x-rays, we utilize nonrelativistic quantum electrodynamics
[10, 11]. Let the x-ray photon energy be small in comparison
to the electron rest energy (511 keV), so that relativistic QED
effects such as pair production may be neglected. We will also
neglect relativistic electronic structure effects [12, 13]. Since
we are not seeking a covariant theory [14], a Hamiltonian
approach is suitable. In this section, it is briefly summarized
how the corresponding Hamiltonian is obtained.

According to the Principle of Minimal Coupling, which
is designed to reproduce Newton’s equation for a particle of
charge qi and mass mi at position xi in an electromagnetic
field, the Hamiltonian for this particle is

ĥi = [pi − αqiA(xi )]2

2mi

+ qi"(xi ). (1)

The vector potential A and the scalar potential " are related
to the electric field E and the magnetic field B via

E = −∇" − α
∂A

∂t
, (2)

B = ∇ × A. (3)

The magnetic field is purely transverse, i.e., ∇ · B = 0. By
adopting the Coulomb gauge, ∇ · A = 0, the electric field
may be separated into longitudinal and transverse terms

E = E∥ + E⊥, (4)

E∥ = −∇" (∇ × E∥ = 0), (5)

E⊥ = −α
∂A

∂t
(∇ · E⊥ = 0). (6)

As a consequence of the Coulomb gauge, we conclude from
the Gauss law for a system of point charges,

∇ · E = ∇ · E∥

= −∇2"

= 4π
∑

j

qjδ
(3)(x − xj ), (7)

that

"(x) =
∑

j

qj

|x − xj |
. (8)

After substitution of this result into (1), we obtain the well-
known, instantaneous Coulomb interaction terms between the
charged particles (after elimination of singular self-interaction
contributions). This forms the basis for the standard molecular
Hamiltonian,

Ĥ mol = T̂N + V̂NN + Ĥ el, (9)

2

Minimal coupling: reproducing Newton’s eq. for a particle (qi, mi, xi) in an EM field

The vector potential A and the scalar potential Φ are related to E and B

By adopting the Coulomb gauge: and transverse magnetic field:

Coulomb potential

Minimal coupling gives the interaction Hamiltonian, p·A and A2 terms.
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Second quantization in a nutshell
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> Quantizing a single particle ➔ wavefunction, first quantization 

> Quantizing a wavefunction ➔ Fock states, second quantization 

> Electrons are interpreted as excitations of quantum field 

> Field operator is a two-component spinor 

> Creation and annihilation operators: an electron at position x with spin σ 

> Fermion: satisfying the anticommutation relations 

> H does not include N of electrons ➔ a property of the quantum state 

> Easy for the particle-hole formalism  
combined with orbital picture, e.g., 

 ̂†
�(x) and  ̂�(x)

|{n↵}i ⌘ |n1, n2, · · · , n↵, · · · i

 ̂(x) =
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Harmonic oscillator
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Ĥ
osc

=
p̂2

2m
+

1

2
m!2q̂2, [q̂, p̂] = i~.

â =

r
m!

2~

✓
q̂ + i

p̂

2m

◆
, â† =

r
m!

2~

✓
q̂ � i

p̂

2m

◆
,

Ĥ
osc

= ~!
✓
â†â+

1

2

◆

Let’s define an operator

Then, we have [â, â†] = 1



i
@
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| , tiint = eiĤ0tĤinte
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Interaction picture & TDPT
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Perturbation theory with adiabatic switching

Interaction-picture state vector:

Schrödinger picture: time-dependence on the state vector 
Heisenberg picture: time-dependence on the operator

Schwinger–Tomonaga eq.

Initial condition:

Transition amplitude: 
Transition rate: 

https://en.wikipedia.org/wiki/Julian_Schwinger
https://en.wikipedia.org/wiki/Sin-Itiro_Tomonaga
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XPS: X-ray Photoelectron Spectroscopy
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Configuration, term, level, and states
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Ira N. Levine, 
Quantum Chemistry 
(Prentice Hall)

(= 0.25 eV)
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Energy span for ground and excited states
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Ira N. Levine, 
Quantum Chemistry 
(Prentice Hall)

(GND)

(EXT)
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Macroscopic x-ray refractive index
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Complex index of refraction

Relationship between 
electric susceptibility 
and scalar scattering 
factor (forward direction)

Refractive index expressed 
in terms of atomic number 
densities and atomic scattering 
factors (forward direction)



µ = µabs + µsc

= (�abs + �sc)n

T = e�µl
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Attenuation coefficient
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Attenuation coefficient

Transmittance (uniform attenuation): Beer–Lambert law

σ: cross section, n: number density
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Structural determination of macromolecules
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Picture taken from http://www.sandiego.edu/cas/chemistry/newsletter/

http://www.sandiego.edu/cas/chemistry/newsletter/
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Why are phases important?

>Phases are essential 
for structural 
determination, but they 
are lost in 
measurement. 
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Kevin Cowtan’s Book of Fourier: 
http://www.ysbl.york.ac.uk/
~cowtan/fourier/fourier.html

cat’s phases + duck’s amplitudes → reconstruction of the cat

http://www.ysbl.york.ac.uk/~cowtan/fourier/fourier.html
http://www.ysbl.york.ac.uk/~cowtan/fourier/fourier.html

